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Abstract

We develop new central-upwind schemes for nonlinear elasticity equations in a het-
erogeneous medium. Finite volume central-upwind schemes consist of three steps: re-
construction, evolution, and projection onto the original grid. In our new method, the
evolution is performed in the standard way by integrating the system over the space-time
control volumes. However, the reconstruction and projection are performed in a spe-
cial manner by taking into account the fact that the conservative variables (strain and
momentum) are discontinuous across the material interfaces, while the flux variables
(velocity and strain) are continuous across these material interfaces. The new recon-
struction and projection procedures lead to the central-upwind scheme with extremely
small numerical diffusion so that in long time calculations, the new scheme outperforms
existing upwind alternatives. In addition, the proposed scheme can be made positivity
preserving. To achieve this goal, the system is rewritten in terms of auxiliary variables
and the local propagation speeds of the system are adjusted accordingly. Our numerical
experiments demonstrate that the developed scheme is capable of accurately resolving
waves with dispersive behavior that over a long period of time evolve into solitary waves
while remaining nonnegative.

AMS subject classification: 76M12, 35165, 74B20
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1 Introduction

Consider the one-dimensional (1-D) elasticity system

Et—ux:(),

(p(z)u)y — 0. (K (x);e) =0, (1.1)

where e(z,t) is the strain, u(z, t) is the velocity, p(z) is the density, K (x) is the bulk modulus
of compressibility, and o(K (z);¢) is the stress. If p(z) and K(x) are both constants, than
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the medium is homogeneous. A nonconstant p(x) and K (x) correspond to a heterogeneous
medium. We consider a layered medium consisting of two different materials of length ¢ with
densities p; and py and bulk moduluses of compressibility K; and K, so that for all integer 7,

p1, if 250 <z < (25 + 1)Y,
- 1.2
A { p2, otherwise, (1.2)
Ky, if 20 <x < (254 1),
Hla)= { K, otherwise. (1.3)

The stress-strain relation in the linear case has the form o;(¢) = K;e, i = 1,2. A more realistic
model is obtained when a nonlinear stress-strain relation is considered. We take

oi(e) = Kie + BK?e*, i€ {1,2}, = Const (1.4)

or

oi(e) =M —1, i€ {1,2} (1.5)

as examples of such relations (see [10,19-22]). In a homogeneous medium with a nonlinear
stress-strain relation, a generic solution of (1.1) and (1.4) will typically develop shock and
rarefaction waves. But in a heterogeneous medium with a nonlinear stress-strain relation, the
resulting waves will have dispersive behaviors that will lead to solitary waves instead of shock
waves [10,18-22].

The elasticity system (1.1) can be put into the framework of conservation laws with space-
dependent flux. To this end, we rewrite (1.1) as

q: +f(C(z);q), =0, (1.6)
where m
. _m
q= , f(C(x);q) = p(z) ,
( " ) ~o(K(x);e)

m = pu denotes the momentum, and C(z) := (p(z), K (z))T.

Since (1.6) is a hyperbolic system of conservation laws, it is very natural to solve (1.6) nu-
merically by a finite volume Godunov-type scheme. These schemes form a class of projection-
evolution methods in which the solution is first approximated by a global piecewise polynomial
function and than evolved in time according to the integral form of (1.6):

:c—i—% x—l—%
1 1
s [ aetrana =1 [ and
x—% x—AZI
t+At

_ﬁ [f(C(x—i— %);q(w—l— %,7)) —f(C(x— 7);01(%— %77))] dr. (1.7)

t

Here, Az and At are small spatial and temporal scales, respectively.
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To design a second-order Godunov-type scheme, we first introduce a uniform (for simplic-
ity) grid with z; = jAz and t" = nAt and assume that the numerical solution, realized in

terms of its cell averages

ZT .
it s

q; = Aix / q(z,t") dz, (1.8)
xj7%
is available at time ¢™. These cell averages are then used to reconstruct a global (in space)
piecewise linear interpolant, which is evolved in time via the integral equation (1.7). The latter
can be done in two different ways leading to two classes of Godunov-type schemes: upwind
and central.

Upwind schemes (see, e.g., [2,4,5,11,18,30]) are obtained by sampling (1.7) at the grid
points z; = jAz and t" = nAt. Then, the time integrals in (1.7) are evaluated using the
information on nonlinear, generically discontinuous waves generated at each cell interface at
time t". This requires either exact or approximate generalized Riemann problem solver, which
may be difficult (or even impossible) to derive and computationally expensive to implement.

Central schemes are a simpler alternative to the upwind methods. Within the central
framework, originally developed in [27] and then extended to higher order and multiple num-
ber of space dimensions in [1,3,9,23,24,26,28], the solution is evolved using the same integral
equation (1.7), but now sampled at the cell interfaces x;, 1= (7 + 1/2)Ax so that all of the
Riemann fans are contained in the corresponding control volumes. Then the solution along
both the left and right sides of the control volumes is smooth (provided an appropriate CFL
condition is satisfied) and the time integrals in (1.7) may be evaluated without solving any
generalized Riemann problems. This makes central schemes simple, robust and efficient. A
drawback of central schemes is their relatively large numerical dissipation, which makes them
unsuitable for large time integrations. A way to reduce the numerical dissipation present in
central schemes was proposed in [17], where the first central-upwind scheme was developed.
The numerical dissipation was further reduced in [14] and [13]. The central-upwind schemes
contain three steps: Reconstruction, Evolution, and Projection onto the original grid. The
main idea behind the construction of central-upwind schemes is in the integration over smaller
nonuniform control volumes that still contain the entire Riemann fans (this makes the central-
upwind schemes to be central). The size of such control volumes is proportional to the local
propagation speeds (this feature brings a certain upwind nature into the central framework).
Due to the finite speed of propagation, the computational domain should now be split into
“smooth” and “nonsmooth” control volumes (the latter ones are those that contain the Rie-
mann fans), where the solution is first evolved to the new time level and then projected back
onto the original grid (see [13,14,17] for details).

Although the central-upwind schemes were designed for the systems of conservation laws
like

they can be directly applied to the system with space-dependent fluxes (1.6). However, this
will lead to a poor resolution in the case of layered material (as we demonstrate in §2.1.1
below).

We develop new central-upwind schemes for (1.1) by designing special reconstruction and
projection procedures, which take into account the fact that though the conservative vari-
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ables (strain and momentum) are discontinuous across the layer interfaces, the flux variables
(velocity and stress) are continuous there. The resulting fully discrete central-upwind scheme
is quite complicated. However, when we pass to the semi-discrete limit (as the time step
At — 0), the resulting numerical flux is a quite simple modification of the central-upwind flux
from [13].

The new 1-D semi-discrete central-upwind scheme is described in §2.2. It is extended to
the two-dimensional (2-D) case in §3. Numerical examples presented in §4 clearly demonstrate
that the developed scheme is capable of accurately resolving waves with dispersive behavior
over a small time scale. The scheme performs extremely well over a long period of time as
the waves with dispersive behavior evolve into solitary waves and it seems to outperform the
existing methods found in [19-22].

2 One-Dimensional Central Upwind Schemes

In this section, we develop a central-upwind scheme for (1.1). In principle, one can apply the
central-upwind scheme originally derived for (1.9) to the case of a space dependent flux, which
we will do first.

2.1 Direct Implementation of the Scheme from [13]

In the beginning of the section, we follow the lines of [13] and derive the central-upwind scheme
for the 1-D hyperbolic system of conservation laws with space-dependent flux (1.6). We first
assume that at time level ¢ = " the cell averages {q}}, defined in (1.8), are available. We
then compute the cell averages at the new time level, {(1;-‘+1}, in three steps: Reconstruction,
Evolution, and Projection.

Step 1: Reconstruction
Using the cell averages {q] }, we construct a second-order piecewise linear interpolant

Al ") =Y [a] + (a0) (@ — )] x; (@), (2.1)

j
where x;() is the characteristic function over the cell (z;_ 1T ) and (q,)’ are the slopes,
which should approximate the values of q,(x;,t") with at least first order of accuracy. To
make the reconstruction (2.1), the slopes are to be computed using a nonlinear limiter, see,
e.g., [4,7,8,11,18,25,27,29,31]. In the numerical experiments reported below, the generalized
minmod limiter [4,11,18,25,27,29,31],

) qQ —4q) A — 95,97 — 95
»)" = minmod [ - J 2 e J
(de)5 = mi ( Az ' 2Ax 0 Az )’

has been applied in a componentwise manner. Here,

min(zy, 29, ..., 2m), if z>0Vi=1, ...,
minmod (21, 22, . .., Z,) = & max(21,29,...,2y), if zz<0Vi=1,...,
0, otherwise,
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and the parameter 6 € [1,2] can be used to control numerical dissipation. When 6 = 1, the
minmod reconstruction (and thus the resulting scheme) is most dissipative and when 6 = 2,
the minmod reconstruction is least dissipative. In what follows, we will refer to the minmod
reconstruction with § = 2 as the MinMod2 reconstruction.

Step 2: Evolution

We next need to evolve the approximate solution, represented by a global piecewise linear
interpolant q(z,t"), to the next time level using the integral form of the conservation law
(1.7). To this end, we first estimate the local speeds of propagation:

of of
+ . -
ey = {)\+<8q (€)M (5 (Chpaiy): 0}
ot ot (22)
— o . +
aj+%—m1n{>\_<aq(c L)) A (aq(cﬁ%,q )),o},
where A\, > A_ are the eigenvalues of the Jacoblan , and compute the left- and right-sided
point values of C and of the interpolant q(z, ") at :17 =T L
—n A[L’ n — —n A[L’ n
Cﬁ% =Clrj1 £0) aiy =@ — o (@) a4 =@+ (@), (2.3)
respectively. Note that if C is continuous at z;, 1 +1) then CJr = C; ,, but the case of

a discontinuous C is generic. In order to deal w1th this, we bulld the grld such that the
discontinuities of C occur at the cell interfaces.
For the system (1.1), the Jacobian is

1
0o ——
of _ p(z)
oq do
—— 0
de
Its eigenvalues are
do/d
Ai(xie) ==+ o/ S
p(x)
where for o given by (1.4),
do
T = K(2) + 20K (x) (2.4
while for ¢ given by (1.5),
d
= = K(2)e0r (2.5)
Since the Riemann fan for the system (1.1) is symmetric, we have a;l = =G, = a0
2 2
Note that in the case of a general system (1.6), one may still define
aj 1= max(a;jré, —af_%). (2.6)
We next introduce the points
:)3;.’%7@ Tipl — aj+%At’ l?—l—%,r =Tj1F a]+§At’
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and notice that the Riemann fan generated at time ¢ = ¢" at the cell interface x =z, 1 will
. . . « 9 R +1
remain inside the “nonsmooth” control volume 77, 1= [:L"ZLJr L P 1 ,r] x [t", t"*]. Therefore,
we can integrate the system (1.6) over I]’.“Jrl and obtain an integral equation analogous to (1.7),
2

the time integral in which can be evaluated using the midpoint rule. This will result in the
following cell average at time t = ¢"*+1:

a’+q, Ar—a; 1At . .
1= ’ 9 =+ 4 : ((qx)j - (Qx)j+1)

L Te(ctn Vg™ Y —f(cla, ) g 9.7
o) f(ee) ) e

2aj+%

int

qn

where the point values at t = "3 are obtained using the first two terms of the Taylor
expansion in time,

Uite = Grpe 5 FCEL DG, =Grse— 5 59 (Clagsr i) (@)
ntg n n n n At of n n n
qj+%2,7’ = qj+ o Tf(c(l’]_,’_%w% qj+%,r)x = qj—i—%,r - 7 %(C (xj-i-%ﬂ“);qj-i-%ﬂ“) (ql‘)j—i-la

and

- _ Ax
Q= a(f ) =4 + ()] (7 - %+%At)v
- _ Ax
q?—l—%,r = q(x?+%,r) - q?—i—l - (qx)?-i-l (7 B aj-i-%At) :
Notice that we have denoted the new cell average by qﬁ , rather than q;‘ﬁ since the cell
. 2 2
averages q;.njl obtained at this stage represent the intermediate solution over a nonuniform
2
grid, which is yet to be projected back onto the original uniform grid.
Since the “nonsmooth” control volumes do not cover the entire computational domain,
the solution must also be evolved in the remaining parts, namely, in the “smooth” control

volumes I} := [2" , , {E;L 1 J X[t t"*1]. This is achieved by integrating the system (1.6) over
27 27

o
I and approximating the resulting temporal integrals using the midpoint rule as before. The

new (intermediate) cell averages over the smooth parts of the solution can be then written as

—in —n (qx)”
qjt:qj-|— 2]At<aj_%—aj+%>

1o (aj_)\ , ) [f <C (x?%f) ;qﬂj» —f (C (x;l_%,,) 7q:j%%r>] . (2.8)

where A\ := At/Ax.

Step 3: Projection
We consider a piecewise linear interpolant reconstructed from the evolved intermediate cell
averages:

N[
_|_
S

<
+
=

~int —int int —int
q (ZL’) = Z { |:qj+% + (qx)j_;_%(z - xj-i-l) X[ijr%’Z,xH%yr} + qj Xlz. 1 T,ijr%’Z]} .

2 i=3
J
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New solution cell averages {q} 11 can then be computed by projecting the interpolant back

onto the original grid by averaging it over the intervals [z, 1,51 1]

,n+1 _ / qr(¢&) d¢ = Aa;_ %qj %—l— [1 — )x(aj_% +a,, )] ~int +)\aj+1q“jﬁ
Ar in in
+ 2 [(Aaﬂ‘%y(qm)j—t% - ()\aj+%)2(q$)j_i%i| ) (2.9)
where
~int _ _n+1 n+l  —int
(q.)"': = minmod (qHé Brpe g qj+%>
(Ej+ T. 1 — 1. 1 71'_1 .
Jt3 Jt3.t gtz its
L 1nt n+l n+1 —int
= Ataj mmmod( Al — Q1,091 T—qj+%)_ (2.10)

This completes the derivation of the fully discrete central-upwind scheme (2.7)—(2.10).
This scheme is rather cumbersome and therefore we proceed along the lines of [13] and send
At — 0 to obtain a much simpler semi-discrete scheme, which will be reduced to (see [13] for
details)

4o @ -H 0
at U\ = Az ’
where the numerical fluxes are

f(C+ 17q )+f(C 17q ) aH% n _
N TR R et

Here, dj 41 is a correction term, which is a “built-in” anti-diffusion term:
2

(2.11)

dg+§ —mlnmod< 4l qj+%,qj+%—qj_+%>, (2.13)
where
+ + _
s _ 9.1 + 9,1 n f(CH%, qj+%) f(cj+%’ qj+%) (2.14)
qj-i—% 9 20j+% . .

Remark 2.1 The ODE system (2.11) should be solved by a stable and sufficiently accurate
ODE solver. In our numerical experiments, we have used the third-order strong stability
preserving (SSP) Runge-Kutta method (see [6]).

Ideally, we would like to be able to use the scheme (2.11)-(2.14), (2.2)—(2.6) as a “black-
box” solver for (1.1). In the homogeneous case, a direct application leads to accurate results.
However, when the scheme is applied to the heterogeneous case, the obtained results are of
a poor quality. In this case, the strain develops contact discontinuities which can not be
properly resolved by the scheme (2.11)—-(2.14), (2.2)—(2.6). To illustrate this, we present the
following numerical example.
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2.1.1 Numerical Example

We now apply the scheme (2.11)—(2.14), (2.2)—-(2.6) with # = 2 to the nonlinear elasticity
system (1.1)—(1.4) with § = 0.3. We first consider the case of a homogeneous media when the
values of the density and bulk modulus of compressibility are constants; that is, in (1.2)—(1.4)
we set

plEpQEKlEKQE2.

We take the initial data q(z,0) = 0 and the following boundary conditions:

| —0.2(1 + cos(nw(t — 30)/30)), if t <60,
u(0,1) = { 0, if > 60,

The obtained results are shown in Figure 2.1. As one can see, a shock wave clearly forms and
it is nicely resolved by the central-upwind scheme.

7(0,1) = 0. (2.15)

0.4

0.31

0.2

T
© =80

*  t=160
+ =240

+

+

0.8

0.6

T
< t=80

* =16
+ =241

0
0

+

+

0.4r
0.11-

0.2

0

I I I I I I I I I I
50 100 150 200 250 300 0 50 100 150 200 250 300

Figure 2.1: Nonlinear homogeneous elasticity. Strain (left) and stress (right) at ¢ = 80, 160, 240
with Az = 0.25 (4 grid cells per layer of material).

We next consider the heterogeneous case with the density and bulk modulus of compress-

ibility are given by (1.2) and (1.3) with

P1 :K1 :3, pQIngl, ¢=1. (216)
Compared to the homogeneous case, the situation changes dramatically. In Figure 2.2, the
strain and stress are computed using 4 grid cells per layer of material at ¢ = 80. We compare
the obtained results with the reference solution, computed by a new scheme which we derive
in §2.2 (our reference solution is in very good agreement with the solution presented in [19]).
As one can see, the strain is reasonably resolved while the stress is very oscillatory.

We then increase the number of grid cells per layer to 16 (see Figure 2.3). The strain
is now nicely captured but the resolution of the stress has not improved. At a later time
t = 240, both components of the solution computed with 16 grid cells per layer is of poor
quality. There is a noticeable phase shift in the strain (see Figure 2.4, left) and the stress is
not well resolved at all (see Figure 2.4, right).
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Figure 2.2: Nonlinear heterogeneous elasticity. Strain (left) and stress (right) at ¢ = 80 with
Az = 0.25 (4 grid cells per layer of material) using a direct implementation of the central-upwind
scheme. The solid line represents a reference solution computed by the new central-upwind scheme
derived in §2.2 with Az = 0.015625 (64 grid cells per layer of material).

T 2 T

Ref 18
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0.4

0.2

o
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160 170 180 190 200 210 220 160 170 180 190 200 210 220

Figure 2.4: The same as in Figure 2.3, but at a later time ¢ = 240.
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The results reported in Figures 2.2-2.4 clearly indicate that the central-upwind scheme
(2.11)—(2.14), (2.2)-(2.6) does not work properly. To rectify this, we revise the construction of
the scheme by using the fact that while the conservative quantities (strain and momentum) are
discontinuous across a material interface, the flux functions (velocity and stress) are continuous
there. We also modify the scheme to ensure that the positivity of the strain and stress is
preserved.

2.2 Derivation of a New Central-Upwind Scheme

In order to proceed with the derivation of the new central-upwind scheme, we first introduce

a “dummy” variable U = —% and rewrite the system (1.1) as

et + (Ue), =0,

(pUe); + 0, = 0. (2.17)

The first equation in (2.17) is now a transport equation for . Central-upwind schemes for
such equations (see, e.g., [12,15,16]) can be easily made positivity preserving. This is a reason
why we prefer to work with (2.17) rather than with the original system (1.1). We will now go
through the same derivation steps as in §2.1 and “fix” the problems that arise in the case of
the heterogeneous elasticity system.

2.2.1 Special Reconstruction

We assume that at time " the cell averages 7 and m] are available. If we were to proceed
along the lines of §2.1, then we would reconstruct pleceW1se linear approximations €} and mj}
But &7 and m] typlcally jump across layer interfaces (these are contact dlscontmultles) SO
when a limiter is applied to £} and mj at cells bordering a layer interface, it may result in
a one-sided numerical derivative. Then, even if the resulting reconstruction of € and m are
non-oscillatory, the corresponding point values of u and ¢ may be oscillatory.

To illustrate such a possibility, let us consider a particular set of cell averages of m :
{m;—y = 1.5,m; = 0.9,m;41 = 0.25,m;42 = 0.25} and the corresponding point values of
wi{uj—; = 0.5,u; = 0.3,u;41 = 0.25,uj4o = 0.25}, as shown in Figures 2.5 and 2.6. A
MinMod2 reconstruction for m in cells j and j + 1 is shown in Figure 2.5 (left). A layer
interface is located at x; 1 with p = 3 to the left and p = 1 to the right of the layer interface.
One can see that while the reconstruction for m is non-oscillatory, the corresponding values
of u, obtained through u = m/p, contain an oscillation at the layer interface, see Figure 2.5
(right).

To avoid such oscillations, we use the fact that both u and ¢ are continuous across a
layer interface and apply the limiter to these continuous quantities rather than to ¢ and

m. In Figure 2.6 (left), the point values u+ LU +1,u++1 and u’ j43 are reconstructed using
2 2

MinMod2. The resulting reconstruction is non—oscﬂlatory and the obtained values of m = pu
are non-oscillatory as well, see Figure 2.6 (right).
In the general case, the point values v} and o7 are
’ﬁ’L;L n -n 2(=n\2 n Kjen
=—, o} =K;&] +BK;(&})" or o} =e" —1,

n
7 ’

Pj
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Layer Interface Layer Interface

e 0.6

m X
0 T ot J 04 T 7
! 't u
2 '
T T [ wji Ujto
_ u+‘1 > [ ] X [ ]
m —_— 3
05 + j+ 02 T - /‘
2 - _ v, —
mji] mj42 J+3 -
+ m, — 4 i+
I3 -
m; o,
J+3
0 0

xT. T
s

Figure 2.5: MinMod2 reconstruction applied to the cell averages of m (left) and the obtained

point values of uw = m/p (right). Notice the oscillation in the u-field at z = Tyl

where m = —pUe. The reconstructed point values are then
Ax Ax
— . n n + J— n — n
uj+% = u; + o (ux)j> uj+% = Uiy 5 (u:c)j+1>
Ax Ax
_ . n n + . n _ n
Uj+% =0; + 5 (Um)ja Uj+% =041 9 (Ur)j-i-la

where the slopes are obtained using, for example, the generalized minmod limiter:

n—

u o —utoul —u” u —u”
. +1 +1 —1 -1
(uz)} = minmod (9 4 L 01—,

Ax 2Ax Ax
no__ - O?—l‘l - Ugl O-gl-i-l - ‘7?—1 ‘7? - ‘7?—1
(02)} = minmod <9 Ao Ay 0 N ) :

We can now calculate the corresponding point values of €, m, and U, which are also used in
the calculation of the numerical fluxes. First, we introduce the notations pi L= (T 1 +0)
2

+ . +
and Kj+% = K(ijr% +0), and compute €t by

-1+ ,/1+4 ot In(c* 1
= ’ A or et | = —H(UH% t) (2.18)
i+s 20K+ , i+3 K+, ‘
J+3 Jt3

€

depending on which stress-strain relation, (1.4) or (1.5), is being used. Next, we compute
Ujji ;. To this end, we need to use the formula U = —u/e, which becomes singular if ¢ ~ 0.
2

We therefore desingularize this calculation by using the approach from [15]:

U+

J+

N
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Layer Interface Layer Interface
p=3 p=1 p=3 p=1
mj_1
06 ~ 15 T
ujq
4 ° 4
- +
u. o =ul
U gty ot — .
04 T \ L0 T+ m]tl J
Xy
- [ J Uj+1 Uj+2 T
® X o B
02 + 05 + ikl
7 mjy1 Mjt2
u }
B +4 L My ———> -
m
Jt3
0 0

T

Figure 2.6: MinMod?2 reconstruction applied to the point values of u (left) and the obtained point
values of m = pu (right). The resulting reconstruction is non-oscillatory.

where 0 is taken to be a small positive number (in our numerical experiments, we have taken
§ to be dependent on the size of the mesh in the following way: if Ax =277, § = 2724(Ax)t.
However, this selection of § is not crucial at all and other values of § can be successfully used).

Finally, we obtain m* , = —p* + et .
Y Jts Piri¥i+1%541

2.2.2 Special Projection Step

We now turn to the description of the main novel part of our scheme — a special projection
step which is crucial for the stability of the proposed method. The projection step in §2.1

involved the intermediate cell averages @, qﬁ 1, and the slopes (qx);‘i 1, used to obtain a
2 2
piecewise linear reconstruction (schematically shown in Figure 2.7 on the left), which is then

averaged over the cell (z;_ 1,21 ). Unfortunately, this leads to oscillations in the continuous
fields (u and o).

Layer Interface
int
j+.R

Layer Interface B

= int
£ .
j +% gmt
J+ %

. . éim
5;‘“ f:flynt J+%_L

T, 1 .’L'J T, 1 iE] .’L‘/+é

T
Jth J=s

Figure 2.7: Piecewise linear reconstruction of the first component of g™ using the minmod
reconstruction as in §2.1 (left) and the modified approach (right).
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The main reason the instabilities develop is averaging of conservative quantities (¢ and m)
across the layer interfaces where both p and K jump. Let us assume that the layer interface

is located at z = x;, 1. Then, the averaged quantities qiﬁl are very inaccurate and thus
2

they are to be replaced at the projection step with two constant pieces qlnt and q“jﬁ R See
2 9

Figure 2.7 (right). Their values are determined using the following two requlrements First,
from the conservation of € and m, we have

1 ~int —int
B (q]+ L +q]+ R) — 94t (2.19)

Second, we would like to make sure that ¢ and w are continuous across the layer interface.
This requirement should be satisfied for both finite At and in the case when At — 0 (i.e., if

we pass to the semi-discrete limit when o™, — ¢~ , and o™, ., — o' ). Therefore, we
+2,L j+2 + R ]+§
take
int _ _int int __int
Tj+iL = Tj+iR N A
which can be rewritten in terms of the new conservative quantities q”j: L and q ;‘i R as
27
follows: - -
m, m,
K7 &n, = KF e e _Jtat (2.20)
st +3 H‘zvR’ 0. p+ ' '
it+3 its
After solving the linear system (2.19), (2.20), we obtain
2K+
2 7int1
—int ——+ i+ 5
€1 K 4+ K. I3
R AT Jt+s it+3
i+1.L — s - — )
aE mr 2p. 1 .
J+35.L JT3 — int
ﬁmj 1
Pivy TPt
2K~
]+2 —1nt1
=int + i+ 1
g1 K |+ K. I3
qr, = AU itz ity
j+5.R — int - )
. -1
Ml R pﬁ'i int
PP 7+2
2
We now define the auxiliary diagonal matrices Azl and .A;Jrl
2 2
2K_ 1 2K+ 1
_ It 0 I 0
K-, + K K- .+ K+
+ — ]+2 .7+2 A— — .7+2 .]+2
i 2pt EERAFAS 20 1 ’
J+35 Jt35
0 ot 0 o
Pivy TPty Pivs TPty
(2.21)
so that
—int — Lint —int _ + Zint 299
Gire =AuGi Grr=ALGh (2.22)
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Note that if there is no layer interface at z; T then K =K' ,and p_ , = p , so that
Jt35 Jt3 J+3
+ int _ —int _ —int
AJJF%—A Iandq]Jr L= A=A

After modlfymg the reconstruction @™, we are now ready to perform the projection step

which will be different from (2.9) in the cells next to the layer interface. Without loss of
generality, we assume that the interface is located on the right and obtain (compare with

(2.9)):

Tivd
1 .
—n+1 ~in —in 1n in
art == / (&) dS = Aa;_rqis + [1—A(aj_%+aj+%>] i Ay jj%L
. 1
I3

5 (ay ) (@t (2.23)

(2.23), subtract qj from both sides,

We then substitute (2.7), (2.8), (2.21) and (2.22) into
= A", = I (and hence q 1 —qlnt r) to

divide by At, and take into account that .Aj_

-3 J732
obtain
ng_l (_l? aj_% ~int 1 aj_% + a'j"'% ~int J+2 ~int q? A 2 n+1
T v Tl i s LIRS cL VRS B8 LRLOA
a:_1 . 1 a;_ 1+ a. 1 1 ar A\
_ )73 4+ int )73 Jt3 | Zint ]+ gint, — —L 2 n+1
= Ar iy T [At Az } Gy + Ay vy T ap T 2%
_ a]_EA-l- n n A;__% C (" ""'% flC(x" ""'%
= soA (@ +d)) - 55 (w1, )ia i, ) —f(Clejiy,)ia, F,
(Clj_l +a;, 1) 1 1 1 A
p) Jts/n L ntz \ nt3 A2 n+1
Az 7 Ax [f (C(xﬁlvf)’ d +17€> f (C(xﬂ—%ﬂ“)qﬂ—%vr)] T30 ()i
A, 1 A~ 1 1 1
Jts 4— n n Jt n n+3 n RN
Fone i (@4 @) = 550 [F(CE ey, ) £ (G, )i )

J
n n+3 n ntg
- [(2] - A+_%> f (C(Ij—%,r)7qj—§r> + Aj—lf (xﬂ_%vé)’ q]_;Z)] }
a1 (‘Ay_+% dj1— (21 N AJ_+%> 7?> ~ %3 <<2I B Aj‘%) 4 - Aj—%7?_1>
A 2 n+1
+§aj—% (qm)j_%

Finally, sending At — 0 and using the fact that, according to (2.21), A;Zr 1+ AL =215 we
2 2
arrive at the following semi-discretization:

- + .ot +
d_ -A 1f(Cj+%7qj+ ) A f( j_;’_l?q )

Jt3 2
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AL E(CF a )+ A+_1 (C __1§Q-__1)
+ J73 2 2 2 2 2
2Ax
1 - ot + - ot + a?_%
“aar [t (e —Alary) o (A e, A7 o) - gdis
where d; 1 is the same as in (2.13), (2.14).

The new semi-discrete central-upwind scheme can be then written in the flux form:
4oy -~ T (2.24)
dt ™’ Az ’ ’

where the numerical fluxes are
- + ot + - -
H...(f) Aj+%f(cj+§’qj+%) +'Aj+%f(cj—1’qj+%)
J+3 9
A |:<Aj_+%q;r+2 A;r+§qj+ ) B dj+%] ’ (2.25)

The new numerical fluxes are similar to (2.12), except with the new A factors and the fact
that the built-in “anti-diffusion” term d

il is zero at material interfaces, i.e
2

* * — +
_ m1nmod< +2—qj+%,qj+%—qj+%), if p;. 1= P
dj, .\ (2.26)
0, it i1 # Pha
where N N
L Gt f(CRsan,) —f(CH )

Q1= +

j+2 2

. (2.27)
We would like to recall that away from layer interfaces, A;,1 = I by (2.21). Thus, the new
flux (2.25) coincides with the old one, (2.12), there
Remark 2.2 It is easy to check that for each component
(4) _,,® - ot + (%) L
dj+% =(1 ujJr%)(.,éljJr%qur2 A 1<11J+2) , i=1,2,

1 is between 0 and

where u( )

5 (this explains why we use the term built-in ”anti-diffusion
for d,, 1

) Then for instance, the first component of the numerical flux can be written as

+ )
0 K]+2(U5) P (Ue) aH%(l uﬁ%) . B
H. 1(t): ¥ — - T — (K 1€ 1_K. 18 1) (2 28)
T KJ+1 + Ka+ Ka+1 - Kj+1 T2 e SR
2 2 2 2
where
1) + - (1)
a0 4 R TR djis
1= F = = ¥ + = -
K~ 1+K+ y+2 K’ 1+K+ y+2
ity +% it

whenever KJr &7, # K e, (otherwise u,( )1 can be taken to be any number).
JHLT4 L5541 j+d
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2.2.3 Positivity Preserving Scheme

The new central-upwind scheme presented in §2.2.1 and 2.2.2 will be non-oscillatory and may
provide a rather satisfactory resolution of the solitary waves. However, it will not guarantee
that the positivity of ¢ and o will be preserved. To fix this problem, we proceed as follows.
We first apply the forward Euler discretization to the first component of (2.24) and obtain

- ) , (2.20)

-1
2

n+l1 _ -n (1)

with the numerical flux given by (2.28). We then notice that:
(i) By our reconstruction procedure described in §2.2.1,

+ _ 77t + .
(Ug)]:t% - Uj:l:% 6]-:&%7 (230)

(ii) By the Taylor expansion of the function (o),

et . +e )2 )
o= I B ) 2 el <o), 2a1)

where a} and 0]2- are some intermediate values (one of them is between o} and o7 _; and the

other is between o7 and o7, ;). Then, plugging (2.28), (2.30) and (2.31) into (2.29) results in

= = E_AK—;F_% 1— V) Ut +
&= [2 (S (30 —n)—ur, )| er,
AE
+ ; B K++% jf[z(;; (aﬁ%(l — Ng%) + UJ_+%> o
)\KJ—:—% @ N
+K++; VK, (aﬁ%(l — ) - UJ+%) o
Vol

- - (Az)? 2 1 2
) e — e () o) + ()] (2:32)
To show that ég‘“ > 0, it will suffice to make sure that each term on the right hand side (RHS)
of (2.32) is nonnegative. The last term is nonnegative since £(¢) is a concave down function,
that is, €”(0) < 0 for all 0. To make the other terms positive, we modify the definition of the
local speeds given in §2.1 and set

+ - + -
ey | ey UL UL (2.33)
its T S . T 1-40 1,0 ‘
its Jt3 p’j+% p’j+%

where (do/ d€);-t+1 are obtained from either (2.4) or (2.5) by substituting K;—;l and Ej.:_ , there.
2

2 2

This ensures that the third and fourth terms on the RHS of (2.32) are nonnegative. The
positivity of the first two terms will be guaranteed under the following CFL condition:

QmaX{K._ L KT

Az j+s3 j+l}
At < —, ‘= ma { , } , ‘= ma 2 2 : 2.34

=2ay Tt VT T RS KT, (2:54)
Jt35 Jt3
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We summarize the obtained results in the following theorem.

Theorem 2.1 Let the system (2.17) with (1.2), (1.3) and either (1.4) or (1.5) be discretized
by the new central-upwind scheme (2.24)—(2.27), (2.33) which uses the reconstructed procedure
described in §2.2.1. Assume that the system of ODEs (2.24) is solved by the forward Euler
method and that for all j, €7 > 0. Then, for all j, 5;”1 > 0, provided that At satisfies the CFL
condition (2.34).

Remark 2.3 Theorem 2.1 is still valid if the forward Euler method is replaced with a higher-
order SSP ODE solver since such solvers can be written as a convex combination of several
forward Euler steps.

3 Two-Dimensional Central Upwind Scheme

We follow [10] and use a “dimension-by-dimension” approach in order to extend the 1-D
system to the following (nonlinear) 2-D elasticity system

€ — Uy — Uy = 0,
(p(x,y)u); — ou(K(z,y);¢) =0, (3.1)
(p(l’, y)v)t - Uy(K(x>y); 5) =0,

where u and v are the z- and y-velocities, respectively. The system (3.1) can be written as

a:(x,t) + Vxf(C(x);q) = 0, (3.2)
where x = (x,y)7,
€ _mu/p _mv/p
a=| m, |, f(C(x);q)= —o |, &(Cx)q)= 0 : (3.3)
My 0 —0

Here, m, = pu and m, = pv denote the corresponding momenta and o is defined as in either
(1.4) or (1.5).

This elasticity system is relevant when the layers of material are either vertical or hori-
zontal. In this case, one can set up a Cartesian grid for which material interfaces align with
the cell interfaces as, for instance, in Figure 4.6. In a general 2-D case, the elasticity system
is more complicated (see, e.g., [18]).

We design a new central-upwind scheme for the system (3.2), (3.3) along the same lines as

in §2.2. We first define new “dummy” variables U = —% and V' = —% and rewrite (3.1) as

et + (Ue)y + (Ve), =0,
(pUe); + 0, = 0, (3.4)
(pVe)i+ 0, =0,

where m, = —pUe and m, = —pVe.
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We consider a uniform grid with z; = jAz, y, = kAz and t" = nAt and assume that the
cell averages at time t",

i+l Yetd

1
ql, ~ ——— x,y,t") dxd
q],k Al’Ay / / q( » Y, ) xray,
2 2

are available.

At the reconstruction step, we again (as in §2.2.1) reconstruct the continuous flux variables
instead of the discontinuous conservative ones. This means that the point values at the cell
centers,

I . L

Ujp = ; Vi = ————, ot = Kjneh o+ B L(E7,)7 or ofy = eMirin — 1,
Pik Pik
are used to obtain the reconstructed values at the corresponding sides of cell (j,k):
Ax Ay
E N
s = u?,k + 7(“96)?,19’ Uik = U?,k + T(Uy)?,ka
Ax Ay
w S
Uj = Wi — T(UI‘)?M Ujy, = UWjp — T(Uy)?,lw 35)
Az Ay Ax Ay .
NE NW
sy, = Ujy, + 7(“96)?,19 + T(Uy)?,ka Ujp = Ujp — 7(“96)?,19 + T(Uy)?,k’
SE Az Ay SW n Az n Ay n

ujp =ul + T(Ux)?k - T(Uy)?,ka Ujp = Uy — T(UI)jk - T(Uy)j,k'

To ensure a non-oscillatory nature of the scheme, the slopes in (3.5), (u,)},, and (u,)7,, are to
be computed using (one’s favorite) nonlinear limiter. In the numerical experiment reported
in §4, we have used the MinMod2 limiter:

u' —u?, u” —u ut, —ul
. 1,k e +1k —1k ke —1k
(tz)}, = minmod (2 4 L I 2 4 :

Ax 2Ax Ax
um —u” um —u” ur, — um

w)? — minmod [ 2—2Ft+1 gk okt Bk=1 7k pE=1)
( y)j,k ( Ay ) 2Ay ) Ay

The reconstructed values of the other two flux variables, v and o, are obtained in a similar
way.
We can now calculate the corresponding point values of €, m,, m,,U and V. We first

compute 5%, depending on which stress-strain relation is being used, by either

—1+ /1 +4807, s (o +1) (3.6)

E
€i = or e;,. =
J:k E J:k E ’
20KE, KE,

where K7 1= K(z;,1—0,y;). To compute U and V], we again desingularize the calculation

\/§5E» u?
UE gk 75,k VE

VR +max { (5,)",5)

E E
V2l

V(B! max { (7,)" .6}

Y
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where, as in the 1-D case, ¢ is taken to be a small positive number.
We finally obtain

(mu)]Ek p] kU kgj k and (mv)]E,k p] kv kgj k> (37>

where pfk = p(ijr% — 0, yg). All other point values of q along the boundary of cell (j,k) are
calculated likewise.

As it was pointed out in [13,14], a fully discrete 2-D scheme may be very cumbersome.
Instead of working out its details, we directly proceed to the semi-discrete limit (along the
lines of [13]) to obtain

y CHpL 00— HL (0RO

dt 2t Uk (t) = Ax Ay

The numerical fluxes will be similar to those in [13], except that at material interfaces, the
fluxes are modified in a similar fashion to §2.2.2. The new 2-D central-upwind fluxes are

AEkf(C]—i-l s q]+1 k) AN Sy f(CY L )

(3.8)

B, () = g
a;‘er%’k w B x
- 9 |:(‘AJ kqj+1 k Aj+1,qu‘,k) d]+ k]
(3.9)
HY (1) = ANE(CF 15 A gr) + A E(CR )
iktg y 2
a 1
Jik+3 N S S N
5 |:('Ajykqj7k+1 — Ajpnd) — d?,;ﬁ%} :
The auxiliary diagonal matrices A in (3.9) are given by
2KE 20}, k
AW = diag s 0,
a <KJEk+K+1k Pikt P
W
AL, = diag ( 2K 2pj’k 0
] KE + K p —I— pW ) )
3 1k Pik 1,k
PR R TR T (3.10)

2K 2p°
Al g1 = diag s 0, % pj’kgl =
K7, Kg k1 Pk T Pike
2K JS k+1 205k
K} + K3 Pt 0 ’
Js k—l—l 7.k J,k+1
and as in the 1-D case, they will be equal to I away from a material interfaces. The local
propagation speeds are estimated by

4

E
@ (da/de)j—i-l k (do/de)jy  Uftis Uji
Bjip = THAX ! B DR DN
\ A \ Pik V=il 1=mii,
; (3.11)
N
y - (da/ds)j et (dg/dg)j, Vgsk+1 V;\L
kel T ’ N ’ !
PR3 N e T\ A T w 13+1 L= “2,124—%
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As in §2, d? , | and d? py1 are built-in “anti-diffusion” terms from [13], which affect the
2 T

numerical fluxes (3.9) away from layer interfaces:

ik = { AT O sk Pik = Pivrks g _ { o e ik o (3.12)
. — ] L= )
J+g.k 0, Pjk F Pi+1ks ks 0, Pik F Pi+1k>

where

_ : NW * * NE _SW * * SE
(5Q)j+%,k = minmod <qj+1,k - qj+%,k> qj+%7k Qg Qe — qj+%7k, qj+%7k - qj,k) )

(3.13)
(0a),4+1 = minmod (qﬁlﬁl — D T D D~ g D q?,;?) :
the intermediate values of q are given by
et g F(CLe gt —F(Ch )
Yrge =7 2a° ’
s N S s et NN (3.14)
O = G+ G 8(Chr Bur) — f(Clii i)
ks N Y ’
DR 2 2aj’k+%

and the auxiliary diagonal matrices A* and AY, needed to keep the third component of Hf

?k+1 to be zero, are simply equal to
s

+3.k
and the second component of H

A* = diag(1,1,0), AY = diag(1,0,1). (3.15)

As in the 1-D case, we define

(1)
E w x
pv Kip + Kjfy ( J+%,k)
i+ k W W _ 1 E _E
a 2 K xivn — Kiain
(1)
N S d?
u(l) K+ KD ( ]JH‘%)
ki T S S — N N
PETS 2 Kj,k+15j,k+1 kS gk

which have been used in (3.11). Hence, the first component of the numerical flux (3.9) can be
rewritten as

. 0
) KinUe)in + KiUe)fe — Yedn (1 “J’+%,k> (

(HQ-C 1 = KVL kEVYi—l kT KEkEEk) )
J+a.k ka + K})—Y—Lk ka + K})—Y—Lk JTLEZ)+L, IR,
(3.16)
and
KNV, + K5, (Ve @ (1-8,)
(H? 1)(1) = 2 j’llil L L LHEN S (Ksk+1fs'k+1 - KNkENk) :
Jkts K3+ K5 KR+ K3 S S

(3.17)
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3.1 Positivity Preserving Scheme

Theorem 3.1 Consider the system (3.4) and the new central-upwind scheme (3.8)—(3.15),
(3.5)—(3.7). Assume that the system of ODEs (3.8) is solved by the forward Euler method and
that for all j,k, &}, > 0. Then, for all jF, Eﬂ’l > 0, provided that

At < min Ar Ay , (3.18)
4afyx 4bry,
Qmax{K KY }
- x o y o g,k " i+1,k
where a = Ir];%x{aj+é’k}, b = n}%x{am#}, Vo 1= II;%X{ ka+Kﬁ1k }, and
N 2max{K]k,KSk+1}
Yy ; '
ik Ky + Ky

Proof: The first component of (3.8) along with the forward Euler discretization in time can
be written as

—n —n z 1 z 1) (1)
it == A ((Hﬁ DY =@ ) - () - )Y), 619)

where \, 1= ﬁt and \, = At . We now rewrite 5”“ as a linear combination of the reconstructed
point values of . To thls end we first use the Taylor expansion of the function (o) to obtain

1
e]k_z( et et e teng)

(Az)”

2 (,0)" o) + 120 - 52

o ((00),) [0 +€"(0],)] . (3:20)

where o},,0%,,0%, and ¢}, are some intermediate values. We then notice that by our recon-

struction procedure
E(W E(W) _E(W N(S N(S) _N(S
(U)W = U™ WY (ve)i Y =S T (3.21)

and plug (3.16), (3.17), (3.20) and (3.21) into (3.19) to end up with

1 A EW
n+1 __ J.k T (1) W W
Sk T4 KE , + K, (aj—%,k(l _I‘l'j—%,k) —Uj,k> €jk
1 A 1) _
Rl S S SR UE) E
+ 4 KEk +ngyr1k (ay+%v’f( p’]+§,k) + Uik | Sk
MKW
j+1k z (1) W W
+ KB+ KW, (aj-i-%,k(l - l"'j-i—%Jg) - Uj+1,k> Ej+1k

A KE
Jj—Lk T 1) E E
+ KE i KW (aj—%,k (1 o l"'j—%Jc) + Uj—l,k> Ej-1k

1 )\yK',k 1) S
+ [Z s <“§,k_% (1= py) = Vj”f)

S
8 N
N S J.k
Koy + IG5
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1 Ay KT y (1)

S Mk (v (g VN) N
+ [4 K§k+Kgs,k+1 <a],k+§( K Jk+g )+ gk )| €ik

)‘ngSkH (1) S S
TR (AL )

>\ K

_ YTkl [y PN EY)

B (Ax) (Ay)2

o ((02),)" [/(03) + € (030] = 2= ((0),)” [£"(03) + (0] - (3:22)

To show that %:1 > 0, it will be enough to show that each term on the RHS of (3.22)
is nonnegative. The last two terms are nonnegative since (o) is a concave down function.
The third, fourth, seventh and eighth terms are guaranteed to be nonnegative by (3.11).
Finally, the CFL condition (3.18) ensures that the remaining terms are also nonnegative.
This completes the proof of the theorem. [ |

Remark 3.1 Theorem 3.1 is still valid if the forward Euler method is replaced with a higher-
order SSP ODE solver since such solvers can be written as a convex combination of several
forward Euler steps.

4 Numerical Examples

4.1 One-Dimensional Example

We apply the scheme (2.24)—(2.27), (2.33), (2.34) with 8 = 0.3 to the system (1.1)-(1.4) in
the example at which the original central-upwind scheme failed to produce accurate results
(see §2.1). We take # = 2 for small time calculations (¢ < 240) and 6 = 1.6 for large times
(t > 840).

T T T T
———t=80 — t=80

—— =160 —— =160
—— =240 12— t=240
A ] .
i
0.8F
0.8
0.6
0.6
0.4t
0.4
0.2+
0.2t
0 0
s ‘ s ‘ s ‘ s ‘
0 50 100 150 200 250 0 50 100 150 200 250

Figure 4.1: Nonlinear heterogeneous elasticity. Strain (left) and stress (right) at ¢ = 80, 160, 240
with Az = 0.25 (4 grid cells per layer of material) using the new central-upwind scheme.
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In Figure 4.1, we plot the strain and stress at times ¢ = 80,160,240 computed with
Az = 0.25, or 4 grid cells per layer of material. One can clearly observe the formation and
initial stages of the evolution of the waves with dispersive behavior. These results are in good
agreement with the results reported in [19] except that in our results both the strain and stress
remain positive as guaranteed by Theorem 2.1. In Figure 4.2, we show the solution at time
t = 240 from Figure 4.1, but zoomed in closer. We compare it with the reference solution,
computed by our scheme with Az = 0.015625, which is 64 grid cells per layer of material. We
can see that at 4 cells per layer, we already achieve fairly good resolution (compare this with
the results reported in Figure 2.3). We then double the number of cells per layer and present
the obtained results in Figure 4.3. Both the strain and stress are now nicely captured and the

resolution of contact waves across material interfaces is almost perfect.

T
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Figure 4.2: Nonlinear heterogeneous elasticity. Strain (left) and stress (right) at ¢ = 240 with
Az = 0.25 (4 grid cells per layer of material) using the new central-upwind scheme. The reference
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solution was computed with Az = 0.03125 (32 grid cells per layer of material).
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Figure 4.3: Same as in Figure 4.2 but with Az = 0.125 (8 grid cells per layer of material) for the

computed solution.

We now run the code for large times (up to ¢t = 2850). The obtained results are shown
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in Figure 4.4. At time t = 60, the boundary conditions are switched to the periodic ones.
The oscillations in the shock wave shown in Figure 4.1 cause the heights of the waves to
fluctuate which will result in the original wave to break up into solitary waves and propagate
at different speeds. At time ¢ = 840 our results do still agree with those reported in [19].
However, for larger times (¢ = 1500 and 2850), the height of the solitary waves computed
by the central-upwind schemes are larger and thus they travel faster. This occurs thanks to
smaller amount of numerical diffusion present at our scheme so that the solitary waves are
not numerically damped as much as in [19]. In Figure 4.5, we show details of two peaks of
the computed solitary wave at time ¢ = 2850. One can clearly see that the contact waves are
still sharply resolved and that the solution remains positive.
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Figure 4.4: Strain (left) and stress (right) at times ¢t = 840, 1500, 2850 with Az = 0.0625 (16
grid cells per layer of material).
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Figure 4.5: Strain (left) and stress (right) at time ¢ = 2850 zoomed in with Az = 0.0625 (16
grid cells per layer of material).
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4.2 Two-Dimensional Example

Finally, we consider a 2-D numerical example. We use the problem setting from [10]: we
use the stress-strain relation (1.5) and consider the domain [0, 100] x [0, 10] with alternating
vertical material strips of length 1 (as outlined in Figure 4.6) so that, for all integer j > 0,

4, if 2 <x <2j+1,
1

4, if 2 <x <2541,
1, otherwise.

p(z,y) :{ K(z,y) :{

, otherwise,

The initial condition is a half of a Gaussian,

—o?+(y=5)°

o(x,y,0)=5e~ 2, x>0,

with u(z,y,0) = v(z,y,0) = 0. The boundary conditions are periodic in the y-direction and
reflexive in the z-direction.

N

Material Interfaces

Figure 4.6: Layout of materials and a sample of adjusted Cartesian grid in two dimensions.

As one can see in Figures 4.7 and 4.8, by time ¢t = 75, the waves have started to evolve
into solitary waves while remaining positive. One can also see that while the strain develops
contact discontinuities (see Figure 4.7), the stress remains continuous (see Figure 4.8). Figures
4.9 and 4.10 show a 1-D slice along the line y = 5 of the strain and stress, respectively. As
one can see, the strain and stress behave in a similar fashion to the 1-D case. The oscillations
in the shock wave for the strain will cause the heights of the wave to fluctuate which results
in the different parts of the wave traveling at different speeds. The resolution achieved by the
new central-upwind scheme is quite spectacular given that only 4 cells in the z-direction per a
vertical layer of material have been used (in the presented calculations Az = Ay = 0.25). As
in the 1-D case, no oscillations across material interfaces have been observed and no negative
values have been produced as guaranteed by Theorem 3.1.
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Figure 4.7: 2-D example. Strain at t = 0,5, 20, 75 with Az = Ay = 0.25.
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