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Abstract

We introduce an operating splitting based stochastic Galerkin method for the Saint-
Venant system of shallow water equations with random inputs. The method uses a general-
ized polynomial chaos approximation in the stochastic Galerkin framework (referred to as
the gPC-SG method). It is well-known that such approximations for nonlinear hyperbolic
systems do not necessarily yield globally hyperbolic systems: their Jacobians may contain
complex eigenvalues and thus trigger instabilities and ill-posedness. In this paper, we over-
come this difficulty by extending the gPC-SG method from [A. Chertock, S. Jin and A.
Kurganov, An operator splitting based stochastic Galerkin method for the one-dimensional
compressible Euler equations with uncertainty, Submitted], where it was developed for the
Fuler equations of gas dynamics. The main idea is to split the underlying system into a
linear hyperbolic system and a nonlinear degenerated hyperbolic system, which can be suc-
cessively solved as scalar conservation laws with variable coefficients and source terms. The
gPC-SG method, when applied to each of these subsystems, results in globally hyperbolic
systems. We then utilize the second-order semi-discrete central-upwind scheme based well-
balanced scheme in order to exactly preserve the “lake at rest” steady states. This is a very
important feature of the proposed method since the lack of balance between the flux and
source terms may cause large artificial waves to emerge in the case the method is used on a
coarse grid, while using sufficiently fine mesh may be impractical. The performance of the

designed gPC-SG method is illustrated on a number of numerical examples.
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1 Introduction

In this paper, we consider the Saint-Venant system of shallow water equations, which was
derived back in 1871 in [4], but is still widely used in many practical applications ranging from
modeling water flows in rivers, lakes and coastal areas to oceanography and atmospheric sciences.
We study the Saint-Venant system with uncertainties, which can appear in the source terms,
initial or boundary data due to empirical approximations or measuring errors. Quantifying these
uncertainties is important for many applications since it helps to conduct sensitivity analysis and
to provide guidance for improving the models [1}7,/8}/24,2829].

In the one-dimensional (1-D) case, the studied system reads as

ht + qr = 07
4+ (hu2 T gh2) — _ghB,,

x

(1.1)

where z is the spatial variable, t is the time, h(z,t, z) is the water depth, u(z,t, 2) is the mean
velocity, ¢ := hu is the discharge, g is the gravitational constant, and B(z,z) is the bottom
topography function. Note that h, u, ¢ and B depend on the random variable z. We consider

the case when uncertainty can arise from the bottom and/or initial data:
h(anVZ) :ho(m,Z), q(l‘,O,Z) :qO($7Z). (12)

The shallow water system (|1.1]) is hyperbolic since the Jacobian of its flux has two distinct
eigenvalues AL = u £ +/gh. It is also easy to show that (|1.1) admits a family of smooth steady-
state solutions,

u(x, z)?

Q(xvz) :Cl(z)7 2

+9(h(z,z) + Bz, z)) = Ca(2), (1.3)
among which are the so-called “lake at rest” equilibria satisfying
q(z,2) =0, h(z,z)+ B(z,z) =C(2) (1.4)

are the most physically relevant since in many practical situations the water waves can be viewed
as, in fact, small perturbations of the “lake at rest” state. Starting from [12], numerical methods
that are capable of exactly preserving the steady-states solutions (1.3 (or at least the “lake at
rest” states (L.4)) at the discrete level are usually referred to as well-balanced.

Our goal is to develop a well-balanced generalized polynomial chaos stochastic Galerkin
(gPC-SG) method for the Saint-Venant system by extending the gPC-SG method recently
developed in (3] for the Euler equations of gas dynamics. In general, gPC-SG methods belong
to the class of intrusive polynomial chaos methods. These methods use the Galerkin approxima-
tion, which results in a system of deterministic equations, solving which will give the stochastic
moments of the solution of the original uncertain problem.

Existing gPC-SG methods have been successfully applied to many physical and engineering
problems, where spectral convergence can be observed if the underlying solution is sufficiently

smooth. The application of the gPC-SG approach to nonlinear hyperbolic systems, nevertheless,



encounters major difficulties. For linear hyperbolic systems and scalar hyperbolic conserva-
tion laws, the gPC-SG approximation yields a system which is always hyperbolic, thus gPC-SG
methods are viable methods for uncertainty quantification for such equations [38]. The gPC-
SG approximation also remains hyperbolic if the original system is symmetric, which motivated
its use in [13] for the Hamilton-Jacobi equations with uncertainty, since the gradient of the
Hamilton-Jocobi equations give a symmetric hyperbolic system. However, when applied to non-
linear hyperbolic systems, gPC-SG methods result in systems which are not necessarily globally
hyperbolic, since their Jacobian matrices may contain complex eigenvalues. Such examples were
given in [5]. There have been some literatures that address this issue. In [5], for the compressible
Euler equations, by using the gPC approximation for the entropy variables one guarantees the
hyperbolicity, since under the entropy variables the system is symmetric hyperbolic. In this
approach, one needs to change from entropy to conservative variables by solving a minimization
problem at every mesh point and time step, which can be computationally costly. Another
approach is built upon the Roe variables, which locally linearizes the underlying PDE system,
as proposed in [31]; see also [32,[36]. This approach is restricted to systems which admit the
Roe linearization and requires switching between the Roe and original variables at every grid
point and every time step by solving nonlinear algebraic systems using the trust-region-dogleg
algorithm.

In (3], we studied the Euler equations of gas dynamics and obtained the hyperbolic systems
for the gPC coefficients in the following manner. We first used the operator splitting approach to
split the Euler system into the three simpler subsystems: one of them is linear and the other two
are degenerate nonlinear systems, which, in fact, reduce to scalar hyperbolic equations. We then
applied the gPC-SG method to each of the subproblems and the resulting system for the gPC
coeflicients is guaranteed to be hyperbolic since it is well-known that for linear hyperbolic systems
and nonlinear scalar equations, gPC-SG methods yield globally hyperbolic discretizations. In
the current work, we extend this approach to the system of shallow water equations .

In gPC-SG methods, the solution of the underlying system is sought in terms of orthogonal
polynomial series [|9}/40], whose coefficients satisfy deterministic (systems of) time-dependent
PDEs. Since in our approach the obtained gPC-SG system of equations for the coefficients is
guaranteed to be hyperbolic, we follow 3] and numerically solve it by a semi-discrete second-order
central-upwind scheme, which has been originally introduced in [17}18//20] as a Riemann-problem-
solver-free black box solver for general multidimensional hyperbolic systems of conservation laws
and then extended to the Saint-Venant system of shallow water equations in [16,/19]. One of the
advantages of the central-upwind schemes is their direct applicability to systems with complicated
(generalized) Riemann problem solutions including the systems for the gPC coeflicients arising
in the process of application of gPC-SG methods.

This paper differs from [3] in two aspects. First, the operator splitting framework presented
in [3] is problem specific. The splitting for the shallow-water equations is indeed different from
that for the Euler equations. Second, the issue of well-balancedness, which is essential for shallow-
water equations with (possibly discontinuous) bottom topography, is not addressed in [3].

An alternative, the non-intrusive approach called the stochastic collocation method [39], for
shallow water equations with uncertainty was introduced in |28]/29]. Some comparisons between
the stochastic Galerkin method and the stochastic collocation method for the diffusion equation

were given in [6]. A stochastic well-balanced gPC-SG method for scalar hyperbolic balance law



was given in [15].

The rest of the paper is organized as follows. In Section [2| we briefly review the gPC-SG
method for a general hyperbolic system of balance laws. In Section [3] we describe a splitting
approach, which is validated in Section where we present the modified equation analysis
to provide some guidance about the stability property of the proposed splitting approach, and
in Sections [3.3] where we numerically solve the deterministic Saint-Venant system using the
well-balanced discretization presented in Section [3.2] Then, in Section [ we explain how the
gPC-SG method can be directly applied to each one of the subsystems and finally, in Section
we demonstrate the performance of the resulting gPC-SG method on a number of numerical

examples with random inputs.

2 The gPC-SG method — an overview

In this section, we briefly describe the gPC-SG method for the hyperbolic system of balance
laws
U +FU,z,2), =R(U,z,2), z€R, t>0, zcQcCR% (2.1)

where U (z,t, z) is the unknown vector function, F(U,z, z) is the flux, and R(U,x, z) is the
source term. In the gPC expansion, the solution of the system of stochastic PDEs ([2.1]) is sought
in terms of an orthogonal polynomial series in z ( [40]):

M—-1
Uz t,z) »Uy(z,t,2) = > Us(x, )0i(2z), M= (dJ;N) (2.2)
=0

where {®,,(z)} are d-variate orthonormal polynomials of degree up to N > 1 from P4, satisfying

/@i(z)@g(z),u(z) dz = 0y, 0<il<M-1 M =dim (]P’?V) . (2.3)
Q

Here, u(z) is the probability density function of z and d,¢ is the Kronecker symbol. The choice
of the orthogonal polynomials depends on the distribution function of z. For example, a Gaus-
sian distribution defines the Hermite polynomials; a uniform distribution defines the Legendre
polynomials, etc. Note that when the random dimension d > 1, {®;(z)} are multidimensional
polynomials of degree up to IV of z. An ordering scheme for multiple index is required to re-order
the polynomials into a single index 7 in . Typically, the graded lexicographic order is used;
see, e.g., [38, Section 5.2].

For the PDE system with random inputs , the gPC-SG method seeks to satisfy the
governing equations in a weak form by ensuring that the residual is orthogonal to the gPC
polynomial space. Substituting the approximation Uy from into the governing system
and using the Galerkin projection yield

U)e+ (F)e =Ry, 0<i<M-—1, (2.4)



where

F = /F( Tj] (x,t)®;(2),, z) D, (2)u(z) dz,
Q J=0 )
0<i<M-—-1. (2.5)
M—1
R - R( T Ui<w,t><1>i<z>7x,z) @i(=)u(2) dz,
Q J=0
This is a system of deterministic equations for the expansion coefficients l)’i, 1=0,...,M—1.

In most cases, the equations in are coupled.

For linear or symmetric nonlinear hyperbolic systems as well as in the nonlinear scalar case,
the gPC system is hyperbolic. However, if the nonlinear hyperbolic system is not
symmetric (as in the case of the Saint-Venant system studied here), the system is not
always hyperbolic since its Jacobian may encounter complex eigenvalues. In the latter case, the
initial and initial-boundary value problems for are ill-posed and the gPC-SG method can
be unstable. In what follows, we shall present a way to overcome this difficulty by introducing
an operator splitting approach for the system , which will guarantee that the gPC-SG
discretization of each of the split subsystems always results in a globally hyperbolic system for

the expansion coeflicients.

3 An operator splitting

We start by splitting the system ([1.1]) into the following two subsystems:

hi+ g =0,
{t e (3.1)

q: + a2h$ =0,

and

ht - O,
2 3.2
q + {qh + %hQ - azh} = —ghB,. (32)

x

The first subsystem (3.1)) is a linear hyperbolic system whose Jacobian has two distinct real
eigenvalues Ax = =a, where the parameter a > 0 is to be chosen to satisfy the following

subcharacteristic condition:

—a<u—+/gh<u++/gh<a. (3.3)

The second system is essentially a scalar Burgers equation for ¢ with variable coefficient
and source term since h remains constant in time in . Furthermore, we choose a to be larger
than the characteristic speed for in the second equation of the second subsystem . This
yields the following choice:

a = sup { max (|u| + Vh, 2|u|)}

It is easy to check that under the subcharacteristic condition (3.3)) each of the subsystem in
the above splitting is strictly hyperbolic. Therefore, after the gPC-SG approximation, each of



the above systems gives a globally hyperbolic system for the gPC coefficients.

3.1 A modified equation analysis

To gain some understanding of how a shock capturing scheme based on this splitting could

yield a numerically stable discretization, we perform a modified equation analysis of the following
version of the first-order Lax-Friedrichs scheme applied to equations (3.1]) and (3.2) using the
first-order splitting approach (A.2)) (see Appendix [A)), in the case of flat bottom topography

(B=0):

h;_h?Jrq?H_q;‘Lﬂ __a (A", —
At 2Ax 2Ag It

*_

4j

"+ hY)),

q;L Qh?JFl B h?*l _ a n 2q™ n
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n+l __ 7%
L =,

n+1 % (q;+1)2+g(h* )2_ 2p _ (q;—1)2+g(h* )2_ 2p*
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b

~ 9Ax
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Here, Ax is the mesh size and At is the timestep, the point values of h and ¢ are computed at

the grid points (z; = jAz,t" = nAt), and b =~ 2||u|l. The superscripts n and n + 1 indicate

the quantities at times t™ and t"*1, respectively, while * denotes an intermediate state obtained

at the end of the first splitting substep.

The corresponding semi-discrete (discrete in time and continuous in space) modified equations

are

and

h* —h" a
L N
Ar 0T R
q*_qn 21n a n
h = =-A
Ap 0N T g
hn+1:h*
n+1 * *\2
q —q (Q) g *\2 27 % b *
I —ah*| = 2Azxq,.
A T TRl e 9 e

x

We now eliminate h* and ¢* and drop the superscript n for all of the quantities computed at

time level t" to obtain

"t —q

At

(q — a®Ath, + %Atqum)Q

a
+ azhz - §A$QII

h — Atq, + §AtAzh,,

g a 2 a
+ 2 (h - Atg, + S AtATh,, ) — a?(h — Atg, + 5 At AT, )

x



b
= EAz (q — a®Ath, + gAtAzqm) . (3.4)
Keeping only the O(1), O(Az) and O(At) terms on the right-hand side of (3.4) and dropping
the higher-order terms result in

qn+1 —q
At

¢* — 2a®Atqh,

a
a iAmqm * { h — Atg,

b
+ g(hQ — 2Athqz)] + a?Atqy, = éAmqm.

T

The last equation can be further simplified to give

qn+1iq+ |:q2

A
h + gh2:| = At(2a2(Uhx)x - (UQQx)x + g(hqgc)ac - a2qgcx) + i(a + b)qgrx

2

Next, we Taylor expand ¢! about ¢” and use (I.1)) to express all of the time derivatives in
terms of the corresponding space derivatives. A necessary condition for the method to be stable
is that the coefficient of ¢, is positive, which is guaranteed if the following timestep restriction

is satisfied:

- 5u2 — gh + 2a> ﬁ<l
P a+b Axr —

Notice that the CFL condition for the Lax-Friedrichs method applied to the original unsplit
system (|1.1)) is given by
At
SUP(|“‘ + \/gh) Az <1

and since b & 2||u||oo, one has

5u? — gh + 2a?
a+b

2 sup(Jul + \/gh),

and thus we conclude that a smaller At is required for the numerical solution of the split system
to be stable compared to the unsplit case.

3.2 A well-balanced discretization

While there have been many numerical methods available in the literature for solving linear
hyperbolic systems like and nonlinear scalar equations like (see, e.g., [22] and references
therein), here the additional difficulty is associated with the fact that the resulting gPC-SG
approximation should not only lead to a globally hyperbolic system, but also be well-balanced.
In order to be able to exactly preserve the “lake at rest” steady state solution at each
substep of the splitting algorithm, we adopt the well balanced strategy from [16] according to
which one needs to work with the equilibrium variables, the water surface w := h + B and
discharge ¢, rather than with the conservative ones (h and ¢). Following [16], we rewrite the
shallow water system in the equivalent form:

wy + gz =0,

35
@+ {¢+g(;w2—w3)] = —gwB,, (35)



where we use the notation

Y= . (3.6)

The corresponding subsystems then become:

wy + g, =0,
{ trd (3.7)

qt + agww = 07

and
Wy = 0,

3.8
q + {¢+g(;w2w3)a2w] (3.8)

—qwB,.

3.3 Numerical validation of the operator splitting

Before proceeding further with deriving the gPC-SG method for the systems and (3.8),
we check the validity of the hyperbolic splitting on the purely deterministic shallow water model,
in which neither the bottom topography function nor the initial data depend on a random variable
z. To this end, we numerically solve the system , using two different methods.

We first directly apply the second-order semi-discrete central-upwind scheme from [19] (briefly
described in Appendix [B| in the context of general hyperbolic systems of balance laws) to the
original system , which can be written in the vector form with

v (1;) e <w+g(5i2—w3)>’ "o (‘QZB“‘)

The semi-discrete central-upwind discretization of the system (3.5) is thus obtained from ,

(B.8)) with the cell averages U; = (w;, aj)T defined in (B.1]), the point values Uﬁ_% = (wgi+% , qﬁ% )T

computed according to and the one-sided local speeds of propagation (B.5)) given by

+ - - + +
ajy 7max{uj+% +\/g(wj+% - Bji 1), Uil +\/g(wj+% —Bji1), 0},

Y - _n + + _n
aj+é_mm{“j+% \/g(wj+5 Bivy) ujyy \/g(wj+5 Biry), 0}’

where
" 4ty

ur,, =
Jt+z +* _ B
Wiyt BJJr%

B, 1 :B(ijr%). (3.9)

As it has been mentioned above, the shallow water system admits steady-state solutions
and therefore it is necessary to solve it by a well-balanced scheme. This can be achieved by
approximating the second component in the source term R by a special quadrature, which
guarantees the well-balancedness of the resulting scheme. Following [161/19], we compute the cell
averages R; as

- Biy—Biy\"

[T



For the splitting approach, we implement the second-order Strang operator splitting method
; see Appendix |Al Each of the subsystems and is again solved using the second-
order semi-discrete central-upwind scheme described in Appendix Bl The first system is a
linear system of conservation laws of the form with

U<w>, F(j) R=0, (3.11)
q a*w

for which the central-upwind scheme (B.7)), (B.8|) applied with a;r+ =—a;, 1 =a Vj reads

3
-y _ +

jﬁ, :_Hj+% —Hj_y H. .- F(Uj+%) F(Uj%) _g[U+ _U- }

dt 7 Az A 2 2Lty Tital

The second system ([3.8]) is actually reduced to a scalar hyperbolic balance law (2.1) for ¢ with

(3.12)

1
U =g, F:w+g(2w2—w3) , R=—gwBy, (3.13)
which is also solved by the central-upwind scheme (B.7)), (B.8]) with the local speeds
_ - + - i - +
= max{Zuj+%,2uj+%,0}, aj+% = mln{Quj_~_%,2uj_~_%,0}7
and the well-balanced source term quadrature R; taken as the second component in (3.10).

Once the two numerical methods are constructed, we run numerical simulations for a dam
break over the nonflat bottom topography

0.1 +0.125(cos(bmz) + 1), « <0,
B(z) = (3.14)
0.1, x> 0.
The gravitational constant ¢ = 1 and the initial data are
@o={" "N geo=o (3.15)
w(z,0) = q(z,0) = 0. .
0.5, x>0,

The problem (1.1}, (3.14), (3.15)) is numerically solved by both unsplit and split approaches.
The results computed on a uniform grid with Az = 1/400 at time ¢ = 0.8 are plotted in Figure

which shows a good agreement between the two solutions.
This example indicates that the splitting approach results in a good shock capturing scheme
in the deterministic setting, helping to build the confidence for the stochastic problem.
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Figure 3.1: Shallow water equations: w (left) and ¢ (right) computed by both the unsplit and split
approaches.
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4 The gPC-SG approximation

We now derive a gPC-SG scheme for the systems and . To this end, we seek
polynomial approximations of w, ¢, p and B in the followmg form:

Mz

wy(x,t, z) =
i= i=0
N

szxt

Substituting (4.1]) into both (3.7) and (3.8) and conducting the Galerkin projection yield the
following equations for the gPC coefficients {w;} and {¢;} for all ¢ =0,...N:

(4.1)

a:tz

{ (i) + (4i)z = 0, (4.2)
(Gi)¢ + a®(;)z = 0,
and
(i) =0,
) N N 4.3
(Gi)e + [ Z ( Wy p — kaz> Skei — a*w;| = —g Z 1(Be) 2 Skei, (43)
k(=0 . k=0
where
(4.4)

Skei = /@k(z)q)g(z)@i(z)u(z) dz forall k,0,i=0,...,N.
Q

10



As in, for example, [25], the gPC coefficients 1&1 needed in (4.3) can be computed by applying
the gPC-SG approximation of the relation (3.6 written as (w — B)y = ¢*:

2

N
Uit = Be)Sike = > GrGeSire, i =0,..., N, (4.5)
0

k, k=0

S
I

and once {g;}, {t;} and {B;} are given, one can solve the linear system (L.5) to obtain {t);}.

Remark 4.1 When applying the gPC-SG to the relation (w — B)w = ¢2, for the exact value of
w— B =h >0, one would obtain the following linear system for {z/;l} forall i=0,...N:

N R N
> ik / h(z)®i(2)@x(2)u(z) dz = Y GreSine. (4.6)
k=0 k,£=0

Q

For h > 0, the coefficient matriz on the left-hand side of the linear system is symmetric
positive definite; see, e.g., [41|]. Thus, the system 1s tnvertible. The linear system 1
obtained by approximating h = w — B = Zévzo(u?g - Bg)q)g. Thus, the entries in the coefficient
matriz in are just the gPC approximation of those in , and they are spectrally close to
each other for smooth solutions. In the general case, there is a lack of analysis on the inevitabil-
ity of the linear system , but we have never encountered any problems in our numerical

stmulations.

For the spatial discretizations of the systems (4.2]) and (4.3]), we again apply the second-order
semi-discrete central-upwind scheme described in Appendix [Bl Here, for each ¢ = 0,..., N in
(4.2)), we have a system of conservation laws of the form (2.1f) with

Ui_<1i)i>7 E_<31A>7 Rizov
qi a~w;j

and thus apply the central upwind scheme (B.7)), (B.8) with a” , = —a_,, = a Vj to each one
J+3 J+3
of the above N + 1 systems. The resulting schemes for each i =0,..., N read
@), = iy — (Hi)j-y
F,((U). .)-F(U).)

. i+3 itz a NPT
i+3 = 2 2{(Ul)j+% (UZ)J#%]'

The second system (4.3) is now a set of N decoupled scalar hyperbolic equations for {g;},
which still can be put into the form ([2.1) with

N N
N 5 .. . . g
Ui=G, Fi=titg )y, <2wkw¢ - kaz) Sike — @i, Ri=—g Y r(Be)xSike,
=0 i, 6=0

each of which is solved by the central-upwind scheme (B.7)), (B.8) with the local speeds estimated
using the leading (zeroth) terms in the gPC expansions (4.1) as

al

= max < 2u.
jt+i {

~ 4 — . . ~— ~ 4
j+%,2uj+%,0}, L —mln{2uj+%,2uj+%,0}.

11



Here, we have used the following notation:

sl (wo)ﬁ% - O)ji%
Well-balanced property. It should be observed that the resulting central-upwind scheme for
the gPC systems , is well-balanced in the sense that it is capable of exactly preserving
the “lake at rest” steady states . Indeed, for the state one has w; = Const, ¢; =0 and
1@ =0foralli=0,...,N. One can easily show that substituting these constant quantities into
the central-upwind scheme for and results in the following system of ODEs for each
i =0,...,N and each finite-volume cell /;:

= — = O
dt Az ’
d(Gi)j _ i
dt Az ’
and
d(w;);
=0
dt ’
d(q:); :71/31' i ta QWi —W; g i szkez wkwlskh
dt Ax Ax 2
k,£=0
N (Bo)jer — (Bo)jy — (B, 1
N Jjt+5 J—3 Jj—3
+ Wy, S w Skei =0,
gk%::() k A kei — gk;o k Ax ki

respectively. This proves that the steady state (1.4)) is exactly preserved by the designed central-
upwind scheme.

5 Numerical examples

In this section, we illustrate the performance of the proposed gPC-SG method on a number
of numerical examples. The randomness/uncertainty can enter the problem through either the
initial conditions (Example 1) or bottom topography (Example 2). For simplicity, we will always
assume a 1-D random variable z obeying the uniform distribution on [—1, 1], thus the Legendre
polynomials are used as the gPC basis. The mean and standard deviation of the computed
solution U, which are shown in the figures below, are given by

E[U] = Uy, o[U]= Z(Um (5.1)

where ﬁi, 1=0,..., N are the computed gPC coefficients of U.

In all of the examples, the second-order semi-discrete central-upwind scheme , was
implemented for the spatial discretization, the piecewise linear interpolants were constructed
using the minmod limiter , with 8 = 1.3, and the arising systems of ODEs were

12



numerically integrated by the three-stage third-order strong stability-preserving (SSP) Runge-
Kutta method [10,/11].

Example 1 (A perturbed water surface). In the first example, we numerically solve the
system ((1.1)) with g = 1 and the following deterministic bottom topography (see Figure (5.1))):

0.25(cos(b(z + 0.35)) + 1), —0.55 <z < —0.15,
B(x) = { 0.125(cos(10m(z — 0.35)) + 1), 0.25 < z < 0.45,

0, otherwise.

The initial data (also shown in Figure (5.1))) corresponds to a random perturbation with maxi-
mum amplitude § = 0.001 of the stationary steady-state solution w = 1, u = 0. The system is
considered in the computational domain [—1,1] with the outflow boundary conditions imposed
at both end points.

0.8r

0.6r ——Water surface| ]
- Bottom

0.4+

0.2l /\
0

-06 -04 -02 0 0.2 0.4 0.6

Figure 5.1: Example 1: Initial state and bottom topography. The water surface plot is not to scale.

The perturbation, initially located at [—0.05,0.05], splits into two pulses moving in opposite
directions. When the pulses interact with the nonflat part of the bottom, a complicated surface
wave structure is developed. This is illustrated in Figures and where we plot the mean
and standard deviation of the water surface w (left figure) and discharge ¢ (right figure) computed
at time ¢ = 0.8 using the well-balanced gPC-SG method on different uniform spatial grids with
Az =1/100, 1/400 and 1/1600 and with N = 8 (the highest degree in the gPC expansion).

In order to demonstrate the importance of the well-balanced property, we show in Figure
the mean of the solution, w (left) and ¢ (right) computed by the proposed gPC-SG method
with the spatial discretization performed using a non-well-balanced version of the second-order
semi-discrete central-upwind scheme , . The latter is obtained by replacing the well-
balanced quadrature with the midpoint one,

R; = (0, —gw; B, (x;))" .

As one can see, the solution computed by the non-well-balanced scheme using a coarse mesh

13
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Figure 5.2: Example 1: Mean of w (left) and ¢ (right) computed by the well-balanced gPC-SG
method on different grids.
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Figure 5.3: Example 1: Standard deviation of w (left) and ¢ (right) computed by the well-balanced
gPC-SG method on different grids.

with Az = 1/100 contains unphysical oscillations of the magnitude comparable to the size of
the physical waves (those captured by the well-balanced scheme, see Figure [5.2)). Moreover, the
magnitude of the oscillations decreases quite slowly when the mesh is refined, which confirms

that the well-balanced property is essential. We note that the importance of using well-balanced
gPC-SG for hyperbolic balance laws with random inputs was addressed in .

Example 2 — A perturbed bottom topography.

In this section, we consider the same

example as in Section but with uncertain bottom topography. Namely, we solve the shallow
water system (L.1) with g = 1, perturbed function (3.14)), namely,

B(z,z) =

{

14

0.125(cos(bmz) + 1) + 0.1z,

z < 0.1,

otherwise,
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Figure 5.4: Example 1: Mean of w (left) and ¢ (right) computed by the non-well-balanced gPC-SG

method on different grids.

and subject to the same deterministic Riemann initial data as in (3.15).
The problem is numerically solved by the well-balanced gPC-method. The results (the mean

and standard deviation of the water surface w and discharge ¢) computed on uniform grids with
Az =1/100,1/400 and N = 8 at time ¢t = 0.8 are plotted in Figures [5.5] and which show a
good agreement of the mean with the results shown in Figure We have also performed the
same numerical experiments using a higher-order polynomial expansion in z with N = 16. The
obtained results (not reported here for brevity) are almost identical to the N = 8 results.

1 . 0.2 X700 - |
. -- =" e T |
ool \_\\ 0.18 Ax=1/400 __,1'"‘ ,‘
N — I
osl S . | 0.16 p “; i
} k! 0.12 H i 1
06} \/ \ ] N / :‘ |
05} S— ' / ’.
0.4 0.08 + / \i |
. r | "
! 0.06 / ; 1
0.3+ / B i 1
| 0.04 + H ; ]
0.2F )i | B i i
o1 LUt NCUALL AR ) 0.02r 1
. WL Ty | l U l\ wl ‘ KT va‘ W oY — £/' S
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Figure 5.5: Example 2: Mean of w (left) and ¢ (right) computed by the well-balanced gPC-SG
method on different grids. The solid lines in the left figure represent the bottom topography with

perturbation.
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Figure 5.6: Example 2: Standard deviation of w (left) and ¢ (right) computed by the well-balanced
gPC-SG method on different grids.
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A The operator splitting

In this section, we give an account of the operator splitting approach, which can be briefly
described as follows. Consider the system (2.1)) and assume that it can be split into two subsys-
tems:

U+ FU),=0, U+ FU),=0, (A1)

where F' = F; + F; and 81, 8> denote the ezact solution operators associated with the corre-
sponding subsystems.

Let us assume that the solution of the original system is available at time t. We then
introduce a (small) time step At and evolve the solution of from t to t + At in 2 substeps,

which result in the following approximate solution at time ¢ + At:
U(x,t+ At, z) = So(At)S1 (AU (x, t, 2). (A.2)

In general, if all solutions involved in the splitting algorithm (A.1)), (A.2) are smooth, the method
is first-order accurate; see, e.g., [26,27,33].
Higher-order operator splitting algorithms can be derived by considering additional substeps.
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For instance, one time step of the second-order Strang splitting method [26}27,/33] consists of 3

substeps:
Ul(x,t+ At, z) = §1(At/2)S2(A)S1 (At/2)U (x, t, 2). (A.3)

We also refer the readers to [14121134,42], where higher-order operator splitting methods can be
found.

In practice, the exact solution operators S; and Sy are to be replaced by their numerical
approximations. Note that if the obtained subproblems are of a different nature, they can be
solved by different numerical methods — this is one of the main advantages of the operator

splitting technique.

B The semi-discrete second-order central-upwind scheme

In this section, we briefly describe the central-upwind schemes for 1-D hyperbolic systems
of balance laws. These schemes are Godunov-type finite-volume methods. For their complete
description and derivation, we refer the reader to [16H19).

We consider a 1-D system of balance laws (2.1)) and divide the computational domain into the
uniform cells I; = [xj_%,xj+%] of size |I;| = Az centered at points z; = jAz, j = jr,...,Jr-

We assume that at certain time t the cell averages of the computed solution,

T, (1) = ﬁ/U(x,t) do (B.1)
I

are available. From here on we suppress the time-dependence of all of the indexed quantities in
order to shorten the notation.

We use the cell averages (B.1)) to reconstruct a non-oscillatory piecewise linear polynomial

U)=U; + (Uy),(x — z;), Ty 1 <w<xzjy1, Y, (B.2)

whose slopes (U,,) ; are obtained using a nonlinear limiter, say, the generalized minmod one (see,
e.g., [23,30,35,37]):

) Uiy w—-U;, U;1-U;y U;—-U;_;
). = dle=22t J Jt+ J i Pt J B.
(Us); = minmo ( Ae 5AL , AL , (B.3)
where the minmod function is defined by
min(z1, 2o, . . .), if z; >0 Vi,
minmod(z1, 22, ...) := { max(z1,22,...), if 2z <0 Vi, (B.4)
0, otherwise,

and the parameter 6 € [1,2] controls the amount of numerical dissipation: The larger the 8 the
smaller the numerical dissipation.
The global solution U(z) is, in general, discontinuous at the interface points {x; +%}. The

discontinuities propagate with right- and left-sided local speeds, which, for example, can be esti-
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mated by the smallest and largest eigenvalues Apin < ... < Amax Of the Jacobian oF Namely,

oUu
a;r% = max{)\max <(§IF] (Uj;;)> ; Amax <(§IF] (Ujf:;)> ,0}

(B.5)
Gy T min{Amin (g; (UJ;Q) » Amin (gi (UJ:Q) ’O}’
where
UL, =T+ U, 58 U, =T, - (U, 5 (B.6)

are the corresponding right and left values of the reconstruction (B.2]).
Using the above construction we obtain the semi-discrete central-upwind scheme (see, e.g.,
[17L[18]):
d _— Hj_;,_l - Hj_l —
GU = U R, (5.7

where the numerical fluxes H, 1 are given by
2

+ - - + + -
a’, F(U; —a. F(U; a’, .a;
i Uy =4 FWUGL ) a0 (B.8)
its T ot —a ot L —a- Jty it '
itz Itz itz Jts

. + + . .
with @1 and Uj +1 computed according to (B.5) and , respectively.

Remark 2.1 If the i*" component of F is identically zero, then we replace the numerical flux

for this component with
H;jf =0, Vi
The cell average of the source term Rj in is approximated by an appropriate quadrature
for Aix /Ij R(U(x,t),z,t)dz. The choice of the quadrature rule is very important especially in
cases when the underlying balance law admits steady state solutions. In such cases, one needs
to design a so-called well-balanced scheme — the scheme that exactly preserves the appropriate

steady states on the discrete level. We refer the reader to [2,|16[19] and references therein for a

review of some well-balanced methods.

Remark 2.2 The semi-discretization (B.7)) is a system of time dependent ODEs, which should
be solved by a sufficiently accurate and stable ODE solver.

References

[1] P.D. Bates, S.N. Lane, and R.I. Ferguson, Parametrization, validation and uncertainty
analysis of cfd models of fluvial and flood hydraulics in natural enviroments, Computational
Fluid Dynamics: Applications in Environmental Hydraulics, John Wiley and Sons, 2005.

[2] A. Chertock, S. Cui, A. Kurganov, and T. Wu, Well-balanced positivity preserving central-
upwind scheme for the shallow water system with friction terms, Internat. J. Numer. Meth.
Fluids 78 (2015), 355-383.

18



3]

[4]

A. Chertock, S. Jin, and A. Kurganov, An operator splitting based stochastic Galerkin

method for the one-dimensional compressible Fuler equations with uncertainty, submitted.

A. J. C. de Saint-Venant, Théorie du mouvement non-permanent des eauz, avec application
aux crues des riviere at a lintroduction des marees dans leur lit., C.R. Acad. Sci. Paris 73
(1871), 147-154.

B. Després, G. Poétte, and D. Lucor, Robust uncertainty propagation in systems of conserva-
tion laws with the entropy closure method, Uncertainty quantification in computational fluid

dynamics, Lect. Notes Comput. Sci. Eng., vol. 92, Springer, Heidelberg, 2013, pp. 105-149.

H. C. Elman, C. W. Miller, E. T. Phipps, and R. S. Tuminaro, Assessment of collocation
and Galerkin approaches to linear diffusion equations with random data, Int. J. Uncertain.
Quantif. 1 (2011), no. 1, 19-33.

P.F. Fisher and N.J. Tate, Causes and consequences of error in digitalk elevation models,
Prog. Phy. Geography 30 (2006), no. 4, 467-489.

Cheung K. Ge, L. and M. Kobayashi, Stochastic solution for uncertainty propagation in
nonlinear shallow-water equations, J. Hydraul. Eng. 134 (2008), no. 12, 1732-1743.

R. G. Ghanem and P. Spanos, Stochastic finite elements: a spectral approach, Springer-
Verlag, 1991.

S. Gottlieb, D. Ketcheson, and C.-W. Shu, Strong stability preserving Runge-Kutta and
multistep time discretizations, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ,
2011.

S. Gottlieb, C.-W. Shu, and E. Tadmor, Strong stability-preserving high-order time dis-
cretization methods, STAM Rev. 43 (2001), 89-112.

J. M. Greenberg and A. Y. Leroux, A well-balanced scheme for the numerical processing of
source terms in hyperbolic equations, STAM J. Numer. Anal. 33 (1996), no. 1, 1-16. MR
1377240 (97c¢:65144)

J. Hu, S. Jin, and D. Xiu, 4 stochatic Galerkin method for Hamilton-Jacobi equations with
uncertainty, STAM J. Sci. Comput. 37 (2015), A2246-A2269.

H. Jia and K. Li, A third accurate operator splitting method, Math. Comput. Modelling 53
(2011), no. 1-2, 387-396.

S. Jin, D. Xiu, and X. Zhu, A well-balanced stochastic galerkin method for scalar hyperbolic

balance laws with random inputs, to appear.

A. Kurganov and D. Levy, Central-upwind schemes for the Saint-Venant system, M2AN
Math. Model. Numer. Anal. 36 (2002), 397-425.

A. Kurganov and C.-T. Lin, On the reduction of numerical dissipation in central-upwind
schemes, Commun. Comput. Phys. 2 (2007), 141-163.

19



[18]

[19]

[20]

[29]

A. Kurganov, S. Noelle, and G. Petrova, Semi-discrete central-upwind scheme for hyperbolic
conservation laws and Hamilton-Jacobi equations, STAM J. Sci. Comput. 23 (2001), 707-
740.

A. Kurganov and G. Petrova, A second-order well-balanced positivity preserving central-
upwind scheme for the Saint-Venant system, Commun. Math. Sci. 5 (2007), 133-160.

A. Kurganov and E. Tadmor, New high resolution central schemes for nonlinear conservation
laws and convection-diffusion equations, J. Comput. Phys. 160 (2000), 241-282.

J. Lee and B. Fornberg, A split step approach for the 3-D Mazwell’s equations, J. Comput.
Appl. Math. 158 (2003), no. 2, 485-505.

R. J. LeVeque, Finite volume methods for hyperbolic problems, Cambridge Texts in Applied
Mathematics, Cambridge University Press, Cambridge, 2002.

K.-A. Lie and S. Noelle, On the artificial compression method for second-order nonoscillatory
central difference schemes for systems of conservation laws, STAM J. Sci. Comput. 24 (2003),
no. 4, 1157-1174.

Dishi Liu, Uncertainty quantifications with shallow water equations, Ph.D. thesis, TU Braun-
schweig and University of Florence, 2009.

O. P. Le Maitre and O. M. Knio, Spectral methods for uncertainty quantification: With

applications to computational fluid dynamics, Springer, 2010.

G. I. Marchuk, Metody rasshchepleniya, (Russian) [Splitting Methods] “Nauka”, Moscow,
1988.

, Splitting and alternating direction methods, Handbook of numerical analysis, Vol.
I, Handb. Numer. Anal., I, North-Holland, Amsterdam, 1990, pp. 197-462.

S. Mishra, C. Schwab, and J. Sukys, Multilevel Monte Carlo finite volume methods for shal-
low water equations with uncertain topography in multi-dimensions, SIAM J. Sci. Comput.
34 (2012), no. 6, B761-B784.

, Multi-level Monte Carlo finite volume methods for uncertainty quantification in
nonlinear systems of balance laws, Uncertainty quantification in computational fluid dy-
namics, Lect. Notes Comput. Sci. Eng., vol. 92, Springer, Heidelberg, 2013, pp. 225-294.

H. Nessyahu and E. Tadmor, Nonoscillatory central differencing for hyperbolic conservation
laws, J. Comput. Phys. 87 (1990), no. 2, 408-463.

P. Pettersson, G. Taccarino, and J. Nordstrém, A stochastic Galerkin method for the Fuler
equations with Roe variable transformation, J. Comput. Phys. 257 (2014), 481-500.

, Polynomial chaos methods for hyperbolic partial differential equations, Springer,
New York, 2015.

G. Strang, On the construction and comparison of difference schemes, SIAM J. Numer.
Anal. 5 (1968), 506-517.

20



[34]

M. Suzuki, General theory of fractal path integrals with applications to many-body theories
and statistical physics, J. Math. Phys. 32 (1991), no. 2, 400-407.

P. K. Sweby, High resolution schemes using fluz limiters for hyperbolic conservation laws,
SIAM J. Numer. Anal. 21 (1984), no. 5, 995-1011.

J. Tryoen, O. Le Maitre, M. Ndjinga, and A. Ern, Roe solver with entropy corrector for
uncertain hyperbolic systems, J. Comput. Appl. Math. 235 (2010), no. 2, 491-506.

B. van Leer, Towards the ultimate conservative difference scheme. V. A second-order sequel
to Godunov’s method, J. Comput. Phys. 32 (1979), no. 1, 101-136.

D. Xiu, Numerical methods for stochastic computations, Princeton Univeristy Press, Prince-
ton, New Jersey, 2010.

D. Xiu and J.S. Hesthaven, High-order collocation methods for differential equations with
random inputs, STAM J. Sci. Comput. 27 (2005), no. 3, 1118-1139.

D. Xiu and G. E. Karniadakis, The Wiener-Askey polynomial chaos for stochastic differen-
tial equations, SIAM J. Sci. Comput. 24 (2002), no. 2, 619-644.

D. Xiu and J. Shen, Efficient stochastic Galerkin methods for random diffusion equations,
J. Comput. Phys. 228 (2009), 266—-281.

H. Yoshida, Construction of higher order symplectic integrators, Phys. Lett. A 150 (1990),
no. 5-7, 262-268.

21



	Introduction
	The gPC-SG method – an overview
	An operator splitting
	A modified equation analysis
	A well-balanced discretization
	Numerical validation of the operator splitting

	The gPC-SG approximation
	Numerical examples
	The operator splitting
	The semi-discrete second-order central-upwind scheme

