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Summary. The trapezoidal quadrature rule on a uniform grid has spectral accuracy
when integrating C∞ periodic function over a period. The same holds for quadrature
formulae based on piecewise polynomial interpolations. In this paper, we prove that
these quadratures applied to W r,p

per periodic functions with r > 2 and p ≥ 1 have
error O((Δx)r). The order is independent of p, sharp, and for p < ∞ is higher than
predicted by best trigonometric approximation. For p = 1 it is higher by 1.

2000 AMS Subject Classification: Primary: 65D32, Secondary: 65T40

Key words: Numerical quadrature, periodic functions, order of accuracy,
trigonometric polynomial, piecewise polynomial interpolation, trapezoidal
rule.

∗The research of A. Kurganov was supported in part by the National Sci-
ence Foundation under grants DMS-0310585 and DMS-0610430. The research of
J. Rauch was supported in part by the National Science Foundation under grant
DMS-0405899.

A. Bove et al. (eds.), Advances in Phase Space Analysis of Partial 155
Differential Equations, DOI 10.1007/978-0-8176-4861-9 9,
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1 Upper bound on the error

Denote by W r,p
per the Banach space of periodic functions on R whose distribu-

tion derivatives up to order r belong to Lp
per(R). The norm is equal to the sum

of the Lp norms of these derivatives over one period. Without loss of general-
ity we take the period equal to 2π. Introduce a partition of the interval [0, 2π]
into N equal subintervals of size Δx := 2π/N .

Because of the periodicity, the trapezoidal rule is

2π∫

0

f(x) dx ≈ TN (f) := Δx

N−1∑
j=0

f(xj), xj := jΔx, j = 0, 1, . . . , N − 1.

(1.1)
The error is equal to

EN (f) := TN (f)−
2π∫

0

f(x) dx.

Write f as the sum of its Fourier series,

f(x) =
∑
n∈Z

cne
inx, cn :=

1
2π

2π∫

0

f(x)e−inx dx.

Denote by P(m) the set of all trigonometric polynomials of degree at most
m, that is, functions of the form

m∑
n=−m

ane
inx, an ∈ C.

Summing finite geometric series shows that TN (einx) = 0 for 0 < |n| < N
and it follows that TN exactly integrates trigonometric polynomials of degree
N − 1. Therefore, for any P ∈ P(N − 1),

EN (f) = EN (f − P ) = TN (f − P )−
2π∫

0

(f(x)− P (x)) dx.

This yields the bound in terms of best trigonometric approximation

|EN (f)| ≤ 4π inf
P∈P(N−1)

‖f − P‖L∞ . (1.2)

Spectral accuracy then follows for infinitely smooth f thanks to the rapid
decay of the Fourier coefficients.
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Our estimate proceeds differently. For any integer k the functions einx and
ei(n+kN)x agree at the nodes for TN . Therefore, TN (einx) = TN (ei(n+kN)x)
and thus, TN (einx) = 0 for all n �= kN and TN (einx) = 2π for all n = kN .
This can also be checked by summing the corresponding finite geometric series.
It follows that

EN (f) = 2π
∑

0 �=k∈Z

ckN = 2π
∑

0 �=k∈Z

(
(ikN)rckN

) 1
(ikN)r

. (1.3)

This involves only a small fraction of the Fourier coefficients cn with |n| ≥ N .

Theorem 1.1 If f ∈ W r,1
per and 1 < r ∈ N, then the error of the trapezoidal

quadrature rule (1.1) satisfies

|EN (f)| ≤
Cr

∥∥f (r)
∥∥
L1([0,2π])

Nr
, f (r) :=

drf

dxr
, Cr := 2

∞∑
k=1

1
kr

. (1.4)

Remark 1.2 The result is interesting only for r > 2, since for 1 ≤ r ≤ 2 the
N−r convergence rate can be established using standard arguments even in the
case of nonperiodic f .

Remark 1.3 Analogous estimates are true for noninteger r. For r ≥ 2 they
can be obtained by interpolation between integer values.

Proof Introduce

QN (x) :=
1
N

N−1∑
j=0

δ(x− xj), gN (x) :=
∑

0 �=k∈Z

1
(ikN)r

eikNx,

where δ is the Dirac delta-function. The nth Fourier coefficient of QN is equal
to TN (e−inx)/(2π)2 so

QN (x) =
1
2π

∑
k∈Z

eikNx.

This together with f (r)(x) =
∑
n∈Z

(in)r cn einx yields

∑
0 �=k∈Z

(ikN)rckN eikNx = QN ∗ f (r)(x),

where ∗ denotes convolution of periodic functions. Equation (1.3) then implies

EN (f) =

2π∫

0

QN ∗ f (r)(x) gN (−x) dx . (1.5)
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Since QN is a measure with total variation per period equal to 1, one has∥∥∥∥∥∥
∑

0 �=k∈Z

(ikN)rckNeikNx

∥∥∥∥∥∥
L1([0,2π])

=
∥∥∥QN ∗ f (r)

∥∥∥
L1([0,2π])

≤
∥∥∥f (r)

∥∥∥
L1([0,2π])

.

(1.6)
On the other hand,

‖gN‖L∞ ≤
∑

0 �=k∈Z

1
|kN |r =

2
Nr

∞∑
k=1

1
kr

, (1.7)

and the sum is finite for r > 1. Combining (1.5), (1.6) and (1.7) yields (1.4).

Remark 1.4 The order of accuracy established in Theorem 1.1 for the trape-
zoidal rule is also true for other quadratures based on piecewise polynomial
interpolations. This is so since such quadratures applied to periodic functions
can be rewritten as a convex combination of trapezoidal rules with shifted nodes
(see [2]).

2 A lower bound and comparison with best
trigonometric approximation

For integer r > 1, W r,p
per consists of Cr−1 functions so that f (r−1) is absolutely

continuous with derivative in Lp
per. For p > 1, f (r−1) belongs to the Hölder

class Cr−1,α with α = 1−1/p. The right-hand side of (1.2) is the error in best
polynomial approximation. That error has a precise estimate in terms of the
modulus of continuity of f (r−1) (see [1, 3]). The rate of best approximation
is different for the different spaces W r,p

per with r > 1 fixed and 1 ≤ p ≤ ∞.
In contrast, the order of convergence of the trapezoidal rule is essentially
independent of p as the following example shows.

Example 2.1 Define f by the lacunary Fourier series:

f(x) :=
∞∑
n=1

1
(2n)r

ei2
nx.

Then
∫ 2π

0
f(x) dx = 0. In addition, f ∈ W r−ε,∞

per for all ε > 0 and the error
in the trapezoidal approximation T2N (f) is exactly equal to

E2N (f) = 2π
∑

2n is a multiple of 2N

1
(2n)r

= 2π
∞∑
k=0

1
(2N+k)r

=
1

(2N )r
2r+1π

2r − 1
.

As this is O((2N )−r), the rate of convergence for W r,∞
per cannot be better, in

the sense of a higher power of 1/N , than that for W r,1
per.
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3 Conclusion

The trapezoidal rule and other quadrature formulae based on piecewise poly-
nomial interpolations have error O((Δx)r) for functions in W r,p

per. The rate is
independent of p and is optimal in the sense that no higher power of Δx is
possible. The error is that which is predicted by approximation theory for
functions in W r,∞

per and it is interesting that it remains true for the elements of
W r,1

per, for which the best approximation by trigonometric polynomials of de-
gree N−1 is not as small as O((Δx)r−1+ε). For W r,1

per, the rate of convergence
is essentially a full order more rapid than that given by best approximation
as in (1.2).

Acknowledgment

Most of this work was done in Fall 2005, when A. Kurganov visited the Depart-
ment of Mathematics of the University of Michigan during the semester follow-
ing hurricane Katrina. A. Kurganov thanks the chairman Professor A. Bloch
and all members of the department for their extremely warm hospitality.

References

1. J. Favard, Sur les meilleurs procédés d’approximation de certaines classesde fonc-
tions par des polynômes trigonométriques, Bull. Sci. Math. 61 (1937), 209–224,
243–256.

2. A. Kurganov and S. Tsynkov, On spectral accuracy of quadra-
ture formulae based on piecewise polynomial interpolations, Center
for Research in Scientific Computation, North Carolina State Uni-
versity, Technical Report No. CRSC-TR07-11, 2007; available at
http://www.ncsu.edu/crsc/reports/ftp/pdf/crsc-tr07-11.pdf.

3. A.F. Timan, Theory of approximation of functions of a real variable. Translated
from Russian by J. Berry. English translation edited and editorial preface by
J. Cossar. International Series of Monographs in Pure and Applied Mathematics,
A Pergamon Press Book. The Macmillan Co., New York, 1963.


	The Order of Accuracy of Quadrature Formulaefor Periodic Functions
	Alexander Kurganov  and Jeffrey Rauch  
	1 Upper bound on the error
	2 A lower bound and comparison with best trigonometric approximation
	3 Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




