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Summary. The trapezoidal quadrature rule on a uniform grid has spectral accuracy
when integrating C*° periodic function over a period. The same holds for quadrature
formulae based on piecewise polynomial interpolations. In this paper, we prove that
these quadratures applied to Wyl periodic functions with » > 2 and p > 1 have
error O((Az)"). The order is independent of p, sharp, and for p < co is higher than

predicted by best trigonometric approximation. For p = 1 it is higher by 1.
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1 Upper bound on the error

Denote by Wik the Banach space of periodic functions on R whose distribu-

tion derivatives up to order r belong to L2, (R). The norm is equal to the sum

of the LP norms of these derivatives over one period. Without loss of general-
ity we take the period equal to 2. Introduce a partition of the interval [0, 27]
into N equal subintervals of size Az := 27 /N.

Because of the periodicity, the trapezoidal rule is

2 N-1

/f(x)dx%TN(f)::Ax Zf(mj), xj:=jAz, j=0,1,...,N—1.

0 J=0
(1.1)
The error is equal to

Write f as the sum of its Fourier series,

2
] 1 —inx
f(SC) = E Cnelnzy Cp = %/f(l’)e dx.
nez 0

Denote by P(m) the set of all trigonometric polynomials of degree at most
m, that is, functions of the form

m
E ane'”, a, € C.

n=—m

Summing finite geometric series shows that T (e®) = 0 for 0 < |n| < N
and it follows that Ty exactly integrates trigonometric polynomials of degree
N — 1. Therefore, for any P € P(N — 1),

2

Ex(f) = Ex(f — P) = Ty(f — P) - / (f(z) - P(x)) d.

0

This yields the bound in terms of best trigonometric approximation

< 1 - oo . .
[En(Nl <4 mf 1f =Pl (1.2)

Spectral accuracy then follows for infinitely smooth f thanks to the rapid
decay of the Fourier coefficients.
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Our estimate proceeds differently. For any integer k the functions e?™* and
e!"tEN)T agree at the nodes for Ty. Therefore, Ty (e"?) = Ty (e!TFN)T)
and thus, T (e®) = 0 for all n # kN and T (e™™*) = 2 for all n = kN.
This can also be checked by summing the corresponding finite geometric series.
It follows that

=9 Z cLN = 27 Z (zk:N ckN) (zk}\/')r (1.3)

04£kEZ 0#£k€EZ

This involves only a small fraction of the Fourier coefficients ¢,, with |n| > N.

Theorem 1.1 If f € W7l and 1 < r € N, then the error of the trapezoidal

per
quadrature rule (1.1) satisfies

Co [l 11 0,201
N7 ’

af

oo 1
< )= = —. .
B ()< R M

Remark 1.2 The result is interesting only for r > 2, since for 1 < r <2 the
N~" convergence rate can be established using standard arguments even in the
case of nonperiodic f.

Remark 1.3 Analogous estimates are true for noninteger r. For r > 2 they
can be obtained by interpolation between integer values.

Proof Introduce

N—

l 1 ;
oz — xj), gn(z) == Z TN TeZkN””7
j:() 0#£keZ (ikN)

,..

where ¢ is the Dirac delta-function. The nth Fourier coefficient of Q) is equal
to Ty (e~™)/(27)?

1 ikNx
Qn(z) = o Ze .
kEZ

This together with () (z) = 3 (in)" ¢, €™ yields
neZ

> (ikN) gy €N = Qp x fT) (2),

0#kEZ

where x denotes convolution of periodic functions. Equation (1.3) then implies

_ /QN « fO (@) g () da. (1.5)
0
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Since @y is a measure with total variation per period equal to 1, one has

Z (ikN)" cpyeN® = HQN x« [

0£kEZ

<fe

Li((0,2x])

(1.6)

L1([0,27])
L1([0,27])

On the other hand,

lowllie < 3 o NTZkT’ (17)

04£kETZ

and the sum is finite for r > 1. Combining (1.5), (1.6) and (1.7) yields (1.4).

Remark 1.4 The order of accuracy established in Theorem 1.1 for the trape-
zoidal rule is also true for other quadratures based on piecewise polynomial
interpolations. This is so since such quadratures applied to periodic functions
can be rewritten as a convexr combination of trapezoidal rules with shifted nodes

(see [2]).

2 A lower bound and comparison with best
trigonometric approximation

For integer r > 1, W.l' consists of C" ! functions so that f("=1) is absolutely

continuous with derivative in L?, . For p > 1, f (*=1) belongs to the Holder
class C"~ 1% with o = 1 —1/p. The right-hand side of (1.2) is the error in best
polynomial approximation. That error has a precise estimate in terms of the
modulus of continuity of f"= (see [1, 3]). The rate of best approximation
is different for the different spaces W5k with r > 1 fixed and 1 < p < oo.
In contrast, the order of convergence of the trapezoidal rule is essentially

independent of p as the following example shows.

Example 2.1 Define f by the lacunary Fourier series:

Then fo x)dr = 0. In addition, f € W55 for all e > 0 and the error
in the tmpezozdal approzimation Ton (f) is emactly equal to

ort+lsy

1
Eon(f) =2m Z (2 ) _QWZ 2N+k 2N) o _ 1’

2" is a multiple of 2V

As this is O((2N)77), the rate of convergence for W2 cannot be better, in

the sense of a higher power of 1/N, than that for Wgc}r
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3 Conclusion

The trapezoidal rule and other quadrature formulae based on piecewise poly-
nomial interpolations have error O((Axz)") for functions in WJ:2. The rate is
independent of p and is optimal in the sense that no higher power of Ax is
possible. The error is that which is predicted by approximation theory for
functions in W.2° and it is interesting that it remains true for the elements of
ngjﬂ, for which the best approximation by trigonometric polynomials of de-

gree N —1 is not as small as O((Az)"~'*<). For W1, the rate of convergence
is essentially a full order more rapid than that given by best approximation

as in (1.2).
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